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r~| ' We continue the study of the operator of generahzed Maxwell equations and 

. completely discover the behavior of the solutions of the time-harmonic equations as 
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1 Introduction and main results 

We continue our studies started in and [25] on the low frequency behaviour of the 
solution operator 



iE,H) 



(F, G) ^ 

of the generalizecfl time-harmonic Maxwell equations 



V s,-t> 1/2 



divH + iujeE = F , iotE + iuJnH = G 

shortly written as 

{M + iuA){E,H) = {F,G) 
with homogeneous (Dirichlet) tangential or electric boundary condition 

lrE = 

which models a perfect conductor, and (Maxwell) radiation conditions 

{-ly^ * dr A *H + E e Lf\Q) , dr A E + H e Lf''^\Q) , t > -1/2 
shortly written as 



{S + ld){E,H) e L 



t 



in an exterior domain Q, C M with G N (i.e. a connected open set with compact 
complement). Here r{x) = \x\ for x G and A denotes the exterior product as well as * 
the usual Hodge star isomorphism. 7,- := t* denotes the tangential trace and l : dQ ^ Q 
the natural embedding of the boundary. We note that the range of £^ is even contained 

o 

in Rf (f2) X D^"*" (n) . Here (E,H) , {F,G) are pairs of alternating differential forms of 
rank q resp. q + 1 . Moreover, we introduce the matrix-type operators acting on such 
pairs 



M 



div 
rot 



A 



e 




S 



T 
R 



with T = (—1)"^^ * R* and R = drA . Following Weyl [56j and to remind of the electro- 
magnetic background it has become customary to denote the exterior derivative dby rot 
and the co-derivative 6 by div . Hence on (g + l)-forms we have 



div 



\qN 



* rot * 



We note in passing that the differential operators rot , div , M and the 'multiplication' 
operators R, T , S are related to each other by at least two properties: For any smooth 
function we have 



G 



rot, ip(r) 



ip'{r)R 



Gd; 



div, ip(r) 



G 



M,(p{r) 



*Here 'generalized' means the framework of alternating differential forms. 
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where Ca,b denotes the commutator of the two operators A and B , as well as rot , div , 
M correspond in the Fourier image to irR, irT, irS . Furthermore, the frequencies u 
will be taken from the upper half plane C+ = {2; G C : Imz > 0} . We define 

where L^''(fi) is the Hilbert space of all differential forms E e Lf^^(fi) with p'M G , 
equipped with the scalar product 



where the bar denotes complex conjugation. 

We are going to model inhomogeneous, anisotropic and nonsmooth media by linear 
L°°-transformations e and /i on q- and [q + l)-forms, i.e. dielectricity and permeability. 
Moreover, our right hand sides {F,G) from L^'''''^"'"^(f2) under consideration do not have 
to be necessarily compactly supported. 

The study of wave scattering at low frequencies was pioneered by Lord Rayleigh |37j . 
His contributions provide the foundation on which almost all subsequent work is based. 
Low frequency asymptotics for Maxwell's boundary value problem have been given, for 
instance, by Miiller and Niemeyer [22], Stevenson [3B], Kleinman [TT], Werner \5U \ \5T \ [52 | 
^Eg, Kress [12], Ramm [51], 

Kriegsmann and Reiss [13|, Ramm, Weaver, Week and Witsch [36], Athanasiadis, 
Costakis and Stratis [5] as well as by Picard [30] and Week and Witsch [H]. We also 
should mention the book of Dassios and Kleinman [7]. Ramm and Somersalo [35| and 
Lassas ^14j considered the low frequency limit from the point of view of inverse problems. 

In none of the works cited above the calculation of the higher order terms in a suitable 
expansion in terms of the frequency is analyzed. Ammari and Nedelec proved in [21 H] 
such expansions. They reformulated the exterior boundary value problem in a truncated 
bounded domain using an 'exterior electromagnetic operator', called by Monk [18] the 
'electric to magnetic Calderon operator' or by Colton and Kress [B] the 'electric to mag- 
netic boundary component map', which is the counterpart of the Dirichlet to Neumann 
operator for Helmholtz' equation. Unfortunately due to the asymptotic expansion of the 
exterior electromagnetic operator their method requires exact nonlocal radiation condi- 
tions, which leads to nonlocal boundary conditions on a sphere. Thus it is not possible to 
identify the expected Neumann series part of the corresponding static solution operator 
in the solution. Furthermore, they discuss only the case 



( 



— curl 
curl 



i u;(Id +A)) {E, H) = -i tuA{F, G) 



where [F, G) is the time independent part of a time-harmonic incoming wave and A some 
compactly supported perturbation. 



4 



Dirk Pauly 



To overcome these problems and limitations and to identify the 'usual' Neumann series 
part of a static solution operator Week and Witsch started in [l^l HSl SH SS] a detailed 
analysis of the low frequency behavior of solutions of Helmholtz' equation. In [16] their 
new method was completed. They identified degenerate correction operators in terms of 
special 'polynomially growing' solutions of a corresponding static problem, which must 
be added to the 'usual' Neumann series in order to describe the low frequency asymptotic 
adequately. With the help of [H], where a calculus in spherical coordinates suited for 
differential forms has been established, they were able to apply and extend their methods 
to the case of generalized linear elasticity. 

Now in this paper we transfer their method to the case of generalized Maxwell equa- 
tions. Hereby we again utilize [J^ as an important tool and also the preliminary works 
[211 ESI |26]. Thus throughout this paper we will use the notations introduced in these 
papers. 

All these low frequency investigations are not only motivated by the problem in its 
own right, but also by its applications to the large time behavior of solutions to the 
initial boundary value problems for the (generalized) wave equation and to the existence 
proofs for nonlinear (generalized) wave equations. In this context we may refer to Eidus' 
principle of limiting amplitude [9] and, for instance, the papers of Werner [51] as well as 
Morgenrother and Werner [191 ED] ■ 

In [25 we studied the time-harmonic solutions of f ll.ip . Since the linear operator 

M : R'?(fi) X D«+i(f]) C aL2''?.9+1(^]) — y AL2'9''?+i(r]) 
iE,H) I — > ik-^M{E,H) 

is selfadjoint, we were able to obtain radiation solutions [E, H) for nonvanishing real fre- 
quencies and right hand sides (F, G) e L^1''^+\fi) by means of Eidus' limiting absorption 

principle [S] (approaching from the upper half plane C+). These solutions are elements of 
L^'^^i+^(n) and satisfy the Maxwell radiation condition, i.e. {S + \d){E,H) e L^'^^i+^(n) 

< 2 > 2 

(see [2^ section 3] for details). In other words the resolvent (M — uj)^^ of M and hence 
also Cui = i(M — uj)^^A^^ may be extended continuously to the real axis. Then using 
the fundamental solution of Helmholtz' equation in the whole space we showed that 
eventually eigenvalues of M do not accumulate even at a; = . This makes C^^ well defined 
on the whole of L^''?''?+^(fi) for small frequencies 7^ a; G C+ . Finally we proved in [2^ 
Corollary 5.5] that C^^ restricted to the closed subspace Reg^'°(n)0of L^'^'''"'"^(f2) converges 
to the static solution operator Co as u tends to zero in the norm of bounded linear oper- 
ators from Regfin) to R?(fi) x D?+^(fi) for all s G (1/2, N/2) and t < s - {N + l)/2 . 
Here Regg'°(f2) consists of solenoidal resp. irrotational forms and 

£0 : Reg'^'^n) (Rll(^]) X Dlt'(^^)) nA-iReg!;?(l]) 

{F,G) ^ {E,H) 



iSee Definition O 
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where {E,H) G L^_:'i'''^\n) is the unique solution of the (decoupled) static Maxwell prob- 
lem 

TotE = G , diveE = , l*E = , eE±B'^{n) 
dwH = F , iotiiH = , i*nH = , i^HLB'^+\n) 

which may shortly be written as 

{E, H) e {RliiSi) X DlV(^)) n A"^ Reg!:?(i^) a M(E, H) = {F, G) . 

o 

The special forms from B'^{fl) resp. B''"*"^(f2) possess compact resp. bounded supports 
in fl and they play the role of the Dirichlet forms eCK'^(n) resp. ^-i'K'^~^^{Q) , where 
= and for t G M (in classical terms) 

^:K^t{n) = {E e rotE = O, dlvz/E = O, L*E = o} 

Due to the existence of a nontrivial kernel of the Maxwell operator these (or other) 
orthogonality constraints are necessary. 

In the bounded domain case it is just an easy exercise to show that is approximated 
by Neumann's series of Cq or C = A Cq for small frequencies u , i.e. 

oo 

= -(-ia;)-in + ^(-ic^)^£o>C^n,eg , (1.2) 
i=o 

where 11 and Ilreg = Id —AH are projections onto the kernel of M and its orthogonal com- 
plement in L2''?''?+i(il) . In the case of an exterior domain this low frequency asymptotic 
holds no longer true, because due to Poincare's estimate for Maxwell equations the static 
solution operator maps data from a polynomially weighted Sobolev space to solutions 
belonging to a less weighted Sobolev space. So a priori it is not clear, in which way one 
may define higher powers of a static solution operator. 

In |25] we took care of some electro-magneto static problems and were able to prove 
that an (not obvious and relatively complicated) iteration process of a suitable static 
solution operator C still holds true [251 Theorem 5.10]. This gives meaning to the powers 

of C as continuous linear operators on subspaces of Regf^°(f2) even for exterior domains. 
As a byproduct we proved a generalized spherical harmonics expansion suited for Maxwell 
equations, which will be used frequently in this paper as well. 

Now in this paper, which is the third and last one of our little series, we analyze the 
solution formula f ll.2p and try to give meaning to it in exterior domains in the sense of 
an asymptotic expansion 

J 1 

i:^+(-iu;)-in-^(-iu;)^£o>^:'n,eg = odcal-') , JgNq . (1.3) 

i=o 

Thereby we follow closely the ideas of Week and Witsch from [16] and [HI HQ]. Due to 
our exterior boundary value problems there arise three major complications: 
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1. With growing J we have to use stronger norms for the data and obtain estimates in 
weaker norms for the solutions. 

2. As n and Ilreg already indicate we need weighted Hodge- Helmholtz decompositions 
of L^''?''^"'"^(r2) respecting inhomogeneities A . In [20] we presented results, which will 
meet our needs. In fact we proved topological direct decompositions 

L2'9''?+i(fi) = (ATri^(^]) + Reg^'-i(fi)) n L2''?'^+i(fi) 

where Tri^(fi) = ULl'''''i+\n) and Regl'~\n) = n,egL2'9'9+i(l]) . We note 

are only subspaces of Lf''^''^'^^{Q,) with t < s and t < N/2 and even not of L^''^''^"'"^(f2) 
if s > N/2 . (See Lemma ESI [26]) 

3. We have to correct (11. 3p by special operators Tj . 

More precisely for J G Nq and s, — t > 1/2 we shall look for asymptotic estimates like 

j-i 

II C^F, G) + (- i u)-'U{F, G) - i uy Co C? H^eglF, G) 

(1.4) 

- E(-i^)^'^''"'r.(i^,G)||,.....(^) = 0(|u;|^)||(F,G)||,.„„,.(^^ . 
i=o 

Hereby the 0-symbols are always meant for frequencies w — ?■ and uniformly with respect 
to a; G C+^^ \ {0} and (F, G) , where C+^^ := {cu G C+ : \l>j\ < tl;} for some w > . 
Throughout this paper we will make the following 

General Assumptions: 

• We restrict our considerations to ranks of forms 

1 < g < A^- 2 

and odd space dimensions N 9 A^ > 3 . Hence of course the most interesting case 
of the classical Maxwell equations, A^ = 3 and g = 1 , is covered. The treatment of 
even dimensions (especially N = 2) would increase the complexity of our calculations 
considerably due to the appearance of logarithmic terms in the fundamental solution 
for Helmholtz' equation (Hankel functions). But there is no reasonable doubt that 
our methods can be used to obtain similar results in any even dimension as well. 



Low Frequency Asymptotics for Maxwell's Equations 



7 



• We fix a radius Tq > and some radii r„ := 2"ro , n G N , such that \ Q G Urg . 
Moreover, we remind of the cut-off functions 77 , fj and rj from [2H (2.1), (2.2), (2.3)]. 
r] satisfies supp?] = Ar-^ , supp Vr/ = Ar-^ fl Ur^ ■ Here Ur := G : |x| < r} and 
Ar := {x e : |a;| > r} for r > . 

• For simplicity ^2 C may have a Lipschitz boundary. In fact, Q only needs to 
have the Maxwell local compactness property MLCP from [24, Definition 2.4], i.e. 
the inclusions 

R^(n)nD«(fi)^Lf„^(n) 

have to be compact for all q, as well as the static Maxwell property SMP from [25| 

o 

section 4], i.e. the existence of special forms B''(f2) and B^^^(fi) must be guaranteed. 
Anyhow, Lipschitz domains possess these properties. 

• We assume e = ld+e and fx = Id+/i to be r-C^-admissible (see [2H Definition 2.1 
and 2.2]) linear transformations on q- resp. (g + l)-forms with some rate of decay 
r > , which will vary throughout this paper. The greek letter r always stands for 
the order of decay of the perturbations e and fi . Clearly we then have A = Id +A . 
Hence our transformations may have L°°-entries, which are only assumed to be 

in Aj-o and asymptotically homogeneous, i.e. d°' A decays like r~'^~'°l for all multi- 
indices a with |a| < 1 with some order r at infinity. 

We may describe our results briefly as follows: 

1. We shall identify de g enerate correction operators Tj by a recursion which involves 
only special solutions -E^^ and as well as their powers E^^;^ = £'^A(i?+^,0) 
and H+;^ = A(0, if+„) of C of our homogeneous static boundary value problems 

rotE+„ = , div£E+„ = , 6*E+„ = , sEt^^^biSl) 
divff+„ = , rot/ii/+„ = , 6>i/+„ = , B^+i(fi) , 

but with inhomogeneities at infinity, namely 

- 'decays', i.e. belongs to L''% ^ 

2 

H+^-+Rl+^'° 'decays', i.e. belongs to L^'!_^^(^]) 

where the special growing tower forms """-D^'^ and ^Rp'^'^ from [251 section 2] behave 
like r^^" at infinity. (See Lemma 12.41 Remark 12.51 Lemma 12.61 Definition 13. 4^ 
Definition IXT^ 

2. On the 'trivial' subspace Tri^(f2) the solution operator £^ behaves like the division 
by the frequency, i.e. 

iw/:^A(F,G) = (F,G) , V (F,G) G Tri^(^]) 

(See ^Mj) 
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3. We shall identify closed subspaces Regf{n) of L2'9.9+1(^]) (and of Regf{n)) , the 
'spaces of regular convergence', for whose elements {F, G) the 'usual' Neumann 
expansion 



j-i 

G) - i uY Co a{F, G) = 0{\uj\') \\ {F, G) 



j=0 



holds true. We are also able to characterize the spaces of regular convergence by 
orthogonality relations with the aid of the special static solutions -E^m ^"^^ ■ 
(See Theorem 12.31 Lemma [2.151 ) 



4. For {F, G) E Reg^' ^ we obtain the corrected Neumann expansion 

J-l 3-N 

II - J2{-iuyCoC^{F,G) - ia;y+^-ir,(F, G)||l2.,.,+1(^) 

j=0 j=0 

= 0(|u;|-^)||(F,G)||,,,„,.(^) 

and for general {F,G) G L^'^'^+^(i7) we get the fully corrected Neumann expansion 
(11. 4p . (See Main Theorem) 



5. Concerning our media A = Id +A we shall distinguish between two kinds of assump- 
tions on our inhomogeneities: 

(a) A has compact support. Then we always may choose tq in a way, such that 
supp A C f/ro • 

(b) A 'decays' with a rate r > at infinity in the sense of A is r-C^-admissible. 

In the first case our results will hold for any J , whereas in the second case only 
J < J with some J depending on r are allowed. 

Due to [25], jH] and originally [17] we have to exclude a discrete set of 'bad' weights, 
namely 

I := (No + A^/2) U (1 - N/2 - Nq) = {n + N/2, 1 - n - N/2 : n e Nq} . 
Our main result of this paper reads as follows: 
Main Theorem Let J G N and s E'M.\I as well as 

s>J + l/2 

t < min{A^/2 - J - 2 , -1/2} 
r > max{(iV + l)/2, s - t} 
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Then there exists some u > , such that the asymptotic 

3 1 3-N 

+(- i u)-'u - i uY Co a n,eg - (- i ojy^''-^v, = o{\u\') 

j=0 j=0 

holds uniformly with respect to C+^i:j\{0} 9 a; — ?■ m the norm of bounded linear operators 
from L^''?''^+^(i7) to Lf''^''^^^{Q) . This asymptotic also holds true in the special case J = , 
if we replace the assumptions on t and r by t < s — {N + l)/2 and t < —1/2 as well as 
T > max{(A^ + l)/2,s + 1 - N/2} . 

We note that the correction operators Tj only occur for asymptotic orders J > . 

Remark A These asymptotics remain valid even in stronger norms. In the norm of 

o 

bounded linear operators from L^''?''^+^(i7) to Rt(f2) x {Vt) we obtain the desired esti- 
mate if we assume additionally t < s — {N + l)/2 in the case J = 1 . In the (strongest) 

o _^ 

norm of bounded linear operators from L'j.''^''''^^(il) to Rf(r2) x D^^ (fi) the asymptotic 
estimate holds true if we assume additionally t < —3/2 and moreover t < s — {N + 3)/2 

z/Je{0,i}. 

Remark B Using the estimate (ii) instead of (i) from Theorem \2.3\ during our consid- 
erations in section\^we would achieve asymptotics with the small o-symbol instead of . 
As an example we obtain (for nearly the same s , t and r) 

3 J-iV+1 

£^+(-ia;)-^n-^(-iu;y£o/:^nreg- (- iw^+^-^r,- = o(|a;|-') . 

j=0 j=0 

Choosing here J = 1 we may easily conclude the differentiability of in w = as an 
operator acting on Reg^'"^(fi) = nregL^'''''''+^(n) . We obtain 

Corollary Lets G (3/2,oo)\I, t < min{Ar/2-3, -1/2} andr > max {(A^+l)/2 , s-t} . 
Then 

is differentiable in to = with derivative . 

Remark C Formally our solution of (11 .ip satisfies the perturbed Helmholtz type equation 

+ u^^ {E, H) = {A-^M - i u)A~\F, G) 
and 

i u div eE = div F , iu rot iiH = rot G , 



f s ^ div jj, ^ rot 

V rot div 
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which imply 



6 ^ div fi ^ rot + rot div e 

rot div + divrot 



1 



rot div 






div rot 



A + A-^M-iu)A-\F,G) 



We note A = div rot + rot div . Due to this formula and under certain regularity re- 
strictions for {F,G) the cases q = and q = N — 1 are equivalent to scalar (perturbed) 
Helmholtz problems for E and H , since E for q = and H for q = N — 1 are scalar 
functions. The first case q = , i.e. a Helmholtz equation with homogeneous Dirichlet 
boundary condition for E , has already been discussed in or and even for the most 
complicated case N = 2 in J2§]. The other case q = N — 1 corresponds to a Helmholtz 
equation with homogeneous or inhomogeneous Dirichlet boundary condition iufiH = G on 
dQ for H and can be handled analogously to the case q = using an adequate extension 
operator. 

However, also in the case q = N — 1 our techniques work. The only difference is that 
now some exceptional 'tower forms ' occur. Due to their appearance we have to tackle 
some additional difficulties and the correction operators occur already at the power 
instead of u^~^ in the case 1 < q < N — 2 . At this point we note in passing that for 
more regular data from Reg^'°(fi) the correction operators appear primarily at the power 



N 



for 1 < q < N -2 and at u^-^ ifq = N-l. 



Remark D We easily obtain a low frequency asymptotic for inhomogeneous boundary 
data as well. For this purpose we utilize the tangential trace and extension operators 
7t- := T and 7,- := T^^ , which recently have been studied by Week J^0| /. Let us remind of 
the solution operator 



(F, G, A) 



R?(^])xDr(^])cL^'^+^(^]) 

{E,H) 



for s, —t > 1/2 from [241 section 6] of the Maxwell system 

{M + iuA){E,H) = {F,G) eLl''''''+\Q) , ^^E = X e WidQ) 

where 7^^((9^) := R-^/^''^{dn) = {x G H-i'^(9^]) : Rot x G H-i<^+l(9^])} and Rot := d 
denotes the exterior derivative on the boundary manifold dQ. Again S^^ is well defined 
for small frequencies u and connected to C^j via 

S^{F, G, A) = (7,A, 0) + G) - iw^^H^A, 0) - /:^(0,rot7,A) 

Thus inherits its low frequency behavior from C,^ . We note that 7,- A G R^Q^(i7) and 

(e7Arot7.A)GD^„,(r])xoR^+i(n) . 
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If we assume a more regular boundary d Q , e.g. , and a slightly more regular dielectrical 
coefficient e, i.e. at least in an arbitrarily thin shell of Q , we can also guarantee 

o 

£:7tA G oDvox(^) ^ B^(fi)-'- by a modification of the extension operator 7,- , i.e. 

Due to 7,- rot = Rot 7,-, i.e. the tangential trace commutes with the exterior derivative, 
the condition Rot A = would imply homogeneous boundary data for the form rot 7t-A , 

o 

i.e. rot 7^ A € oR^ox^(f^) ■ Furthermore, for b G B'^+^(f]) 

(rot7^A,6)L2,<j+i(n) = (A,7;.6)L2,<7(an) 

holds by Stokes theorem in the sense of the }i~^''^(dil)-¥L^''^{dil)- duality. Hence, we have 
rot 7rA_L B''~^^(il) , if and only if X.L'ju B^"*"^(f2) . Here 7^ := ± ® 7,-* denotes the normal 
trace and ® the Hodge star operator on the manifold d fl . We note that by the regu- 
larity assumption for the boundary we have the inclusion B^^^(i7) C and thus 
'jub G H5'''(5i7) . (Here d^l G is sufficient.) Thus, for A G 7V{dVt) perpendicular to 
7i,B^^^(i7) and with vanishing rotation we also have (0,rot7T-A) G Reg^o'^(^) > ^-S- 

(£7.A,rot7.A)GReg^;,°(r]) . 

These features of 7^ and constraints for A would enhance the asymptotic since then the 
pair (£:7t-A, rot 7rA) would be an element of the kernels o/H and Tj (See Definition {STJM 
and Remark 3.14\ ). Moreover, it might be of interest to know if there are modifications of 



the extension operator 7^- and constraints for the boundary data A , which even imply 

(£7rA,rot7.A) GRegti(n) , J>1 . (1.5) 

This property would enhance the asymptotic of S^^ once more because then all correc- 
tion operators would vanish on the extended boundary forms. We can give a positive 
answer to this question as well. By Lemma \2.15\ and Remark \2.1b\ fll.Sp holds, if and 
only if {ejrX,Totjr\) is an element o/Reg^o^ (^2) and perpendicular [in \j'^''^''^'^^{yL)) to all 
A^^E^^ , A^^H^:l G L^f'^^^(i7) with 1 < j < J . Again these constraints can be trans- 

fered to A . For C"^^^ regular coefficients A (at least in a thin shell) it is possible to modify 
7t- in a way that fll.Sp holds, if X E IZ'^i^dVL) is irrotational as well as perpendicular [in 
V^\d^)) to 7.B^+i(fi) and ^^n.A-'E^jl , ^^rc^A-'H^^ for all E^^,H^g G L'lr^'iQ) 
with 1 < j < J • Here 7T2 denotes the projection on the second component. More de- 
tails can be found in l27[ chapter 4]- We note that only the term rot7,-A produces the 
constraints for A . 

It is an interesting open question if all these properties hold for Lipschitz boundaries 
as well. 
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2 The spaces of regular convergence 

First let us remind of the special tower forms 

±j-)q,k ±JDq,k 
cr,m 1 ''(T,m 

and their properties from [251 section 2], which will be used frequently throughout this 
paper. The main tool for their construction is the spherical coordinate calculus developed 
in [17]. Hence we shall use also many notations and results from this paper. From this 
point of view the paper at hand demonstrates also an application of [3^. 

Utilizing [251 Corollary 5.12] we define some special data spaces recursively by 

Definition 2.1 Lei J G N and s G ( J - N/2, oo)\l as well as t > max{0, s - N/2} and 
r > J — s — 1 . For j = 1, . . . , 3 we define the 'spaces of regular convergence' via 

Regain) := {(F, G) G Regf^-\n) : G) G Regl''^{n)} . 

We will call Reg^'"* (fl) the 'space of regular convergence of order j '. 

Remark 2.2 We have 

Regnn) := {(F, G) G Regf (fi) : G) G Ll'lf\n)} . 

In words, the space of regular convergence Reg^'''(f2) is characterized by the following 
property: For {F, G) G Reg^''^(fi) and j = 0, . . . , 3 no tower-forms rjD'\ or rjR'j^^ appear 
in the powers C? (F, G) . 

Clearly for the selfadjoint operator M introduced in [21] the resolvent-formula holds 
for nonreal frequencies. Our next step is to show that this formula still holds true for real 
frequencies and acting on Reg^''^(fi) up to the order J . Then is approximated by 
the usual Neumann sum up to the order J . 

For the purpose of a short notation let us put for J G Nq 

J 

j=0 

Theorem 2.3 Let J G Nq , s G ( J + 1/2, cx)) \I and r > max{(A^+ l)/2,s - N/2} . 
Moreover, let u be as in ^ Lemma 5.2]. Then for all uj G \ {0} on Reg^'-'(fi) 

Furthermore, for s G (J + 1/2, J + N/2) \ I and i < t := s - 3 - {N + l)/2 

(ii) \\ ^Lu,jiF,G)\\-^2,q.g+i^^^ = o(|a;|'') II (F, G)||j^2, 9,9+1^^^ 

hold uniformly with respect to (F, G) G Reg5'''(f2) . 
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Proof C\F, G) is well defined by [Ml Theorem 3.5], since 

holds for J = 0, . . . , J . Thus also 

J 1 

(E, H) := Y,i-^^y ^0 C'iF, G) + i-iuY C\F, G) 

j=0 

is well defined. Because ofs>J + l/2>J + l — N/2 even J + 1 powers of C may be 
applied to (F, G) by [25, Corollary 5.12]. We get 

J 

{E, H) = Y^{-iujy Co C'{F, G) + i-icoYiC^ - Co) C\F, G) . 

j=0 

o _^ 

Furthermore, [E^H) G R^_i(r2) x Y)^^_^(p) satisfies the radiation condition. Since 

M£o = Id and (M + iwA) C^ = Id we obtain (M + iuA){E, H) = (F, G) , which yields 
iE,H) = C^iF,G). 

Noting s- J G (1/2, N/2) we may apply Lemma 5.2 (iv)] to C\F, G) G Reg^:°j(fi) 
and obtain uniformly in cu G C+,^ \ {0} and (F, G) G Reg^'-^(n) the estimate 

II £^£-^(F,G)||l2.,.,+1(^^ < c|| £-^(F,G)||j^2^,,,+i^^^ < c||(F,G')||l2,,,,+1(^) 

(We observe that C'^ is continuous by [251 Corollary 5.12].) Analogously using [211 Corol- 
lary 5.5] we may estimate again uniformly in G C+^i \ {0} and (F, G) G Reg''''(f2) 

{C^-Co)C'{F,G)L,, 

< c||£^-£o \\B,_j^i\\iF,G)\\^2,g,,+i^^^ 

which completes the proof since || C^ — Cq \\b^_j j '^^°> . □ 

Now our aim is to characterize Reg^''^(f2) utilizing orthogonality constraints. To realize 
this we need special growing Dirichlet-forms, which will be defined in the following lemma. 
Let us remind of the topological isomorphisms 

Tla^, := e 2?taj:^_i , Tla^^ := Ttaf^tl 

for some s G (1 — A^/2, oo) \ I introduced in [251 Theorem 4.6]. 

Lemma 2.4 Let a & No as well as t > a and r > A^/2 — 1 . Then for all indices 
(m, n) G {1, . . . , fj,^} X {1, ... , /U^"*"^} the 'special growing Dirichlet-forms' 

F+^ := (Id - ma^;' maT,)v , 

:= (Id -Tlaf^'ma^^)r^ ^Rl%''' 
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are well defined and belong to 1?''^ jv iyi) resp. L^'^"^ (fi) . These are the unique 

<~ — — a < — — — (7 

solutions of the electro -magneto static problems 

OJlap, = (0, 0, 0) , E+„ - decays 

ma^,H+^ = (0, 0, 0) , - +i?f„i'° decays 

Remark 2.5 To be more precise: and H^^ are the unique solutions of 

2 
2 

i/ere on one hand we used DJlajc^ resp. STtof^ as formal mappings, e.g. 

fmap,= (div5-, rot -,(£■, Bf),. ..,(£-, B;^,)) 

-1 ' — ~i 

and on the other hand OTtaj:^ resp. QJtaj:^ as the inverse operators. 

o 

Proof Uniqueness is clear by [2^ Lemma 3.8] and the properties of B'^{fl) , B''~^^{fl) , 
see j25l section 4]. Let us assume the well definedness of E^^^ for a moment. Since 

ma^,E+^ = (0,0,0) holds we obtain E+^ G e^lci^) n B'^iQ)^- . Moreover, we have 

^am ~ ^^am ^ L^'^jv(^) because DJlap^^ maps in fact to L^'^iv(^) and finally the 

integrability of E^^^ is determined by the form rj'^D'^'^ , which belongs to L^^jv_^(^) by 

[25| Remark 2.5]. Analogously we may handle H^^ , which would prove the lemma. 
So it remains to show that E^^ is well defined. (Then surely is well defined as 

o 

well by similar arguments.) With suppr] fl supp6^ = and [251 Remark 2.5] 

93tap,r^+D^;^ = ( div(5r^+D^;^), rot(r/+Z}^;^), O) 

= + div(er/+D^;^), ^ot,//^^;^, O) 

holds. Now -a - A^/2 + r + 1 > 1 - N/2 since r > a and thus 

^ 2 

Because also r > N/2 — 1 and using [221 Theorem 4.6] we get the well definedness of 
DJla^;^ ma^^ ^+^^'1 and thus of E+^ . We note 

ma^^V^Dl^^eWtin) , (2.1) 
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if r > s + (T + N/2 - 1 . □ 

Our next step is to define powers of £ on the special forms A{E^^, 0) and A(0, H^^^) 
using |25t Theorem 5.10]. Let us introduce a new notation. For G No we define 

Ea,m ■= MEt,m^O) , := A(0, if 

The next lemma shows that these definitions are well defined. 

Lemma 2.6 Let 3,a eNo , s e {3 + 1- N/2, oo)\I as well as r > a + s + N/2 - 1 and 
T > 3 — s . Moreover, let (m, n) E {1, . . . , /i^} x {1, . . . , and j E {0, . . . ,3} . Then 

3 powers of C on Ep^ and H^^ are well defined and for even j 

K'^-V{^DI%,0) e (D^^._i(fi)ffl7^2)^(J:L%i)) X {0} , 
K'^ - ^(0, ^Rl%''') G {0} X (RtUin) ffl r^^'^-rC'/S)) 
as well as for odd j 

hold. Furthermore, 

P+d ff + ,j T 2,9,9+1 fQ\ 

and thus 

Et:i,Hp^eL'ir^\n) ^ t>a + j + N/2 . 
More precisely: There exist unique constants ^■J''^', (^■?'°"' g C and unique forms 

such that for even j 



i& 



<i,<j 



and for odd j 
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Remark 2.7 By 12^ Remark 2.4] we even have for odd j < J 

- ^(0, G {0} X ok-Ucc]'-i, ^) , 

H^^;i - VCD^^,, 0) G oDl-.-iOl:-^ ^) x {0} , 

since then also rj'^Rp'J^'^ is irrotational and rj^D^'l^ solenoidal. Moreover, the coefficients 
satisfy the following recursion: 

r/ien clearly the next recursion holds as well: 

Proof We only have to show that E'^'^ and Hp^ are elements of the domain of definition 
of C (and then clearly of from [251 Theorem 5.10]. Then all our assertions follow by [25| 
Theorem 5.10] , [25| Remark 5.11] and [251 Remark 2.5]. We note that the integrability 
of the forms is always determined by the integrability of the tower forms with positive 
sign. Again we only discuss -Ej'm = i^E^m^ 0) 5 for example. 

By Lemma [2.41 and (12. ip as well as [25t Theorem 4.6] we observe 

e<„eom)Li({/}UJtV^) , /:=(+,0,a,m) , (2.2) 

by [251 Remark 2.5] since t > a + s + N/2 — 1 . Hence utilizing [25l Theorem 5.10] 
may be applied to Ep^ and the lemma would be proved. 

Unfortunately we ignored a trifie in this argument. Here the same problem occurs 
as in p^, namely the appearance of the exceptional tower forms, which was solved by 
a second order approach in this paper. A similar approach will help here. The point is 
that (12. 2p only holds true for g 7^ 1 in the first sight. In fact for q = 1 and s > N/2 we 
have to deal with the exceptional tower form dI'\ = ^RqI = Rj with / := (— , 1, 0, 1) , 
which would cancel our iteration process in the case of appearance. Now in this special 
case (12. 2p reads correctly as: sE^^ is an element of oID>j'o(,(fi) and contained in 

It remains to show that Rj does not occur even in the exceptional case. We try the ansatz 

to find a solution of the problem 

rot£-Mivf/.,^ = , U,,^-^R^^l^ehl\{p.) 
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Thus we are led to search a solution of 

rote^MivM,^,^ = -rote"Miv?7+i?^'^ , m,^,^ G L^^ ^(1]) . (2.3) 

Using once more r > a + s + N/2 — 1 and [251 Remark 2.5] we obtain that 
rot div r]^Rl'l^ = Crotdiv,r?"^i?^L + e div v^Rl'ln 



is an element of L^'^ „ (fi) C L^'^(fi) , where £ ""^ = Id + e is r-C^'^-admissible as 

o 

well. Therefore, the 2-form rote:^^ divr^+i?^'^ G qI^sI^) lies in the range of i.ot^s_2 from 
[25| Lemma 7.1] and we get some Mo-,m G i^(rotA^_2) solving (12. 3p . But then 

E^,^ := divf/,,,™ G {bI_,{Q) ffl r/Di({/} U J^^j) H oDL(^) 
(Compare to [23 Remark 7.4].) and 

£-lE,,„G,:K^_^_^(^])^Bl(fi)^^ , ^-^e,.^ - +^1'^ g l^-^ (fi) , 

i.e. e~^£'o-,m = E^m by Lemma 12.41 and Remark 12. 5[ So in fact E^^^ and eE^^ do not 
feature exceptional tower forms. □ 



2.1 Compactly supported inhomogeneities 

In this subsection we develop some results especially for compactly supported inhomo- 
geneities A . In fact we assume tq to be so large, such that 

supp A C Uro (2.4) 

holds. Then in particular A = Id on supp t] . 

Corollary 2.8 Let J, a G No and (m, n) G {1, . . . , /i^} x {1, . . . , /i^"*""^} as well as j in 
{0, . . . , J} . Then there exist unique constants C"*'*^' G C , such that in supp f] for even 
j 
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and for odd j 



hold. These series converge uniformly in suppi] together with all their derivatives even 
after multiplication by arbitrary powers of r . (Compare with l4% V- 1033], Theorem 
1] and J25\ Theorem 2.6].) The constants and Q^'"' coincide with those of Lemma \2.6[ 
whenever they co-exist. 

Proof We show the representation for some even j and (-E", 0) := -E^m . The other 
representations may be proved in a similar way. 

We have divE = and {MA-y+\E, 0) = (0, 0) in . Hence M^+^{E, 0) vanishes in 
supp T] . For J + N/ 2 < s ^ I we see by Lemma 12.61 

E:=E- ^Dl% - ^r''"^? e L^L'^._i(supp l^) C L|''_^(supp r/) 



2 



and 



div E 



, M^+^ {E, 0) = (0, 0) 



supp Tj 



supp rj 

Now the generahzed spherical harmonics expansion |25l Theorem 2.6] yields with unique 
constants ^^^'^''^ e C the representation 



E 



supp J7 



and therefore the assertion follows immediately. □ 

Next we want to characterize Reg^'"'(f2) by orthogonality constraints using the growing 
Dirichlet-forms. For this we need some special properties of the tower-forms. As in [22] 
we introduce the first order differential operator with compactly supported coefficients 
C := CA,r? := A?7 — r]A , the commutator of A and the multiplication by rj . 

Lemma 2.9 Let u and v be regular tower-forms corresponding to some finite set of 
indices. Then the cut-off function rj may be chosen, such that 

{CU, V)l2,q = 

holds, except for the special cases 

{C 'Dl'X, 'D^^i)^,^^ ^0 ^ {C + 
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<^ a = ^,m = n,e^ = -, (fc, £) G {(0, 2), (1, 1), (2, 0)} 

and 

^ a = ^ ^ m = n , = {k,i) e {{0,2), (2,0)} 
Remark 2.10 In the special cases we have 

{-^. Ak,i) = {0,2) 

= -{c^Ri'XrRli)^2.q = \i Ak,i) = (1,1) 

I -IS ,ik,i) = {2,0) 

and 

^r' f-i ,(fc,^) = (o,2) 



A^ + 2a|l ,(fc,£) = (2,0) 



Proof From |l9l (31)] with a = 6 = 1 we have {Cu, v)i,2,q = —{u,Cv)i^2,q for suitable 
q-forms u, v . Using the spherical calculus presented in [17] we compute for tower-forms 
u, V 



{Cu,v)i2,q = I ^{Cu,v)(r)dr 

r''-\T^r^y ^{puil), pt;(l)>L.„_i(5.-.) + (Ml), ™(l)>j^,„(^,_,) 



(2.5) 

dr 



(Here we define {u,v)(^r) ■= (puir), pv{r))^2,q-i^s'^-^) + (™(^)' ^^(^))l2.'j{'5^-i) 
a := hom(u) , /3 := hom(f ) . We note pu{r) = r"pM(l) and Tu{r) = r^ru(l) . Fur- 
thermore, we denote by F^ for suitable 0, ip the first order ordinary differential operator 
T^ip{t) := 2<i)'{t)ip'{t) + (p'it) + {N - l)t-^(p'{t) .) Since the spherical eigen-forms and 
5*^^ present an orthonormal system in L^'^(S'^~^) , the expression (m, f only may differ 
from zero in the cases 



u = 'Dl^'l , v = 'Dl'l , fc-£even 



u = 'Rl'X , v = ''Rlf^ , fc-£even 

u = 'Dlt , v = ''Rit , fc,^even 



u = 'Ri't , v = ''Dlt , fc,£even 
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with & {+, — } . We may assume additionally that our tower forms under considera- 
tion are at most of height K and index Z . According to [1^ Lemma 2 (i)] we may choose 
the cut-off function rj (resp. "fj , r}), such that for given j G No 

fi'{r) dr = 6oj , - j < j < J , j e Z , (2.6) 

holds. Let us pick some j > N + 2{1 + K + Z) . In the four cases above we have degrees 
of homogeneities a = ^h^ and /3 = ''h^ . Because ofA^ — 2 + a + /3G [—j,j] and fl2.6p the 
integral (12. 5 p can only differ from zero, ifN — 2 + a + P = 0. But if 6i) = + , then either 
A^-2++h^++h^ = N-2+k+£+2a ^ or A^-2+-h^ + -h^ = N-2+k+£-2a-2N ^ , 
since k + i is even and N odd. So only 6^ = — is possible and we get 

- 2 + -h^ + +h^, = - 2 + +h^ + "h^ = -2 + A; + £ = 

^ (fc,£)G{(0,2),(l,l),(2,0)} , 

where the possibility of k = i = 1 has to be excluded in the two last cases, where k, i are 
even. Thus we have proved the essential assertions of the lemma. 
Let us finally calculate one of the special integrals as an example: 

= {k-l-2a -N) 

-af+af ((a;r')2 + (g' + -h0)(g' + +h2)) , (A;,£) = (0,2) 
-^,+i,o+^,+i,o ^ (A;,£) = (l,l) 

'af^af{{ujl-^f + {q' + -\^l){q' + +\^l)) , (A;,£) = (2,0) 



(-2-2a-N){{ujl-^f + {q'-a-N)(q'+2+a)) 



2(2+2a+N){-2a-N) 



-2cT~N 



2a+N 

(2-2a-jV)(K-')'+(g'+2-a-jV)fa'+a)) 
2(2-2cr-Ar)(-2cr-Ar) 



q+cr 
' N+2a- 



N+2a 



{k, 
{k, 
{k, 



(0,2) 

(1,1) 
(2,0) 



□ 



Lemma 2.11 In the same sense Lemma lKU holds for all tower-forms, if one pays atten- 
tion to ^-Dq'i = and = . Besides in the special cases we get for the exceptional 
tower-forms 

— , l^Qi /i2,N~i — Y-" 0,1 ' ^0,1 /L^.'v-i — 
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Summing up we obtain 

Remark 2.12 For tower-forms u,v the scalar product {Cu,v)i^2,q can only differ from 
zero, if u and v possess different signs ± as well as equal eigenvalue and counting indices 
a and m . Additionally in the cases u = ^-D^'^ ; = ^-^aim or u = "^R^'^ , v = ^R'^jfrn 
the heights {k,t) must belong to {(0,2), (1, 1), (2,0)} as well as in the cases u = ^-D^'^ , 
V = "^R^'m or in reverse order even to {(0,2), (2,0)}. 

Now let us return to our static solutions. We put 

L2.'?.'?+1(1]) := ^_iL2''?''?+i(f]) := ,-iL^'''{n) x ^-iL''^^+\n) 
with scalar product ( ■ , ■ ) £2,5,9+1 = (A~^ ■ , ■ )l2.'j.9+i(q) , see [211 section 3]. 

Lemma 2.13 Let s G (2 — N/2, 00) \ I and {F, G) E Reg^'°(r2) with representation 



Co{F,G) = {E,H)+ J2 eMD'},0)+ J2 hjr7(0,i?: 



J ) 



en 



where {E,H) G {Rl^^{Q)n6-^Dl_-^{Q)) x (/i-lR^+l(^]) n D^+i(fi)) andej,hj e C . Th 
for all I = (— , 0, a, m) G J^!°i and J = (— , 0, 7, n) G ^^-1° 

(i) {{F, G), ^+;5J>L2,,,,+i(f^) = ((^, G), H+-^)i2,,.,+^^) = 

(ii) {{F,G),E^;^)^2,,,<i+i(^Q) = 

(iii) ((F,G),i/+„i>£,„„^,(^)=h, . 

Remark 2.14 It is sufficient to choose j > 2{s + 1) in (12.61) . 

Proof We set (0, H+^) := A-'E+i = Co E+i and (E+„, 0) := A-^H+:^ = Co H+:^ . Let 

us look at E^j^ and H^^^ . For (— , 0, a, m) G J^Li we have s > a + 1 + N/2 and thus only 
weights s larger than 1 + N/2 have to be considered. According to Lemma [2.61 

<„.ee:KVi(f^)cofe.+i(f^) , #+^GDn'(^^) . (2.7) 

Therefore, all scalar products under consideration are well defined. By [211 (2.5)] and 
Lemma [2.41 we get 

(M(i?,i7),i?+^)^,,,,,^,(^) = (divi7,i?+^)L2„(f,) = 
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and thus with (0, = M{DIj, 0) 



' ' =((0,rot,yZ)|),{E+„,0))L2,,,,+l{n)=0 



L2,q,q + l(n) 



L2.9,9 + 1(Q) 



= (divCrot,,,-D^^,£; + „)L2,g(n)=0 



For J = (— ,0,7, n) G tJ'-i'" have div r/D^j = div rj D^'j^ = by [251 Remark 2.4] and 
therefore div rot r/D^j = ArjD'^j = CD'^^j . This shows 



recalhng M^(e, /i) = (div rot e, rot div h) . 

According to [25i. Theorem 5.10, Remark 5.11, Corollary 5.12] and under the present 
assumptions Cq C{F, G) is also well defined and has the representation 



with {E,H) G {R'i^2{n)r\e-^Dl_^{n)) x {jj-^Rltli^) nDltli^)) and ej,hj e C. More- 
over, h^7 = e/ and j = hj hold for / G J^'^i and J G 0^-1 " • From 



A-'MiE,H) G (RLi(^^) n5-ioDLi(fi)) X (/i-^oRr}(^^) n BtUn)) 

as well as by ([22]) and [21, (2.5)] we get 

{MA-'M{E, H), Co A«^, 0)>l2.,„+.(^) = -(M(^, ^), O))^^,,,,,^,^^) = 
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Using this and {F,G) = MA-^M Cq C{F,G) we derive 



J2 §/(M2r/Pf,0),(0,^+J>j 



9,<1 ' V ' 

s-2 =0 



J2 i^j{M'viO, Rf'), (0, <„)>L.„.,+i(^) 



because 2^-2^^ = 3l-2^ U dl^l,'^ = Sl-l'^ U i(J^^i) . Applying once more [251 Remark 2.4] 
we obtain 

M'r^iO, Rlf) = Ar?(0, Rlf) = C(0, i?^;^) , 
MM0,RT') = M^riM{Dl,0) = MMMDIj,0) - Cm, ,{01,0) 
= MCiDl,0)-M'CM,,iDl,0) . 

Partial integration yields 

{MC{Dl, 0), (0, ^+„)>L..,.+.(^) = -{C{DIj, 0), {E+^, 0)>^,,„,,,(^) 
and clearly all terms of the sum like 

(M'CmADIj^ 0), (0, <„)>L,,,„^,(^^ 

vanish by (two times) partial integration. Finally we get for (— ,0,cr, m) G J^'^i 



L2,9,9 + l(n) 



+ ^ e/(Ci?^^\if+„)L2,<7+i(Q) 
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Analogously for (— ,0,7,n) G 31^1'^ one sees 

Now all integrals on the right hand sides only extend over supp Vr/ . Thus we may insert 
the expansions from Corollary 12.81 for 

/?+ F7+ F7+ /?+ 

<T,m ' a,m ' 7,n ' 7,n 

Using the orthogonality properties from Lemma 12.91 and Remark 12.101 we finally obtain 
and 

(Ci?^;^\ ^+^)L2,9+i(f7) = 5/,{_,0,a,m) , (CZ:'^j,E+„)L2,9(n) = 5j,(-,0,7,n) • 

We note that by [251 Remark 2.5] we only have to consider tower-forms with maxi- 
mal heights K = 1 and maximal eigenvalue index Z < s — 1 — N/2 . Thus the choice 
3 >2{s + l)>N + 2{1 + K + Z) is sufficient according to ([22]). □ 

Now we are ready to characterize the spaces of regular convergence by orthogonality 
constraints. 

Lemma 2.15 Lei J G N and s G (J + 1 - N/2, oo)\l as well as {F, G) G Reg^'°(fi) . 
Then (F, G) belongs to Regg'"'(fi) , if and only if 

holds for all {k, a, m) G 6^'"^ and {£, 7, n) G 6^"^^'"' , where 

■= {{k,a,m) e Nl : k < J - 1 A a < s - N/2 - k - 1 A 1 < m < fj.1} . 

Moreover, Reg^'"'(f2) is a closed subspace o/Reg^'°(fi) and L^'''*+^(f2) . 

Remark 2.16 We have the characterizations 

Qf = {(A;, a, m) G {0, . . . , J - 1} X No X N : E+'^+' G L^ir^'iQ)} , 
0f 1'-^ = {(£, 7, n) G {0, . . . , J - 1} X No X N : H^;^^' G L^t'^'l^)} • 
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Proof The assertions of the remark follow by Lemma 12.61 The proof of the lemma is 
a straightforward induction over J . The induction start is given by Lemma 12.131 since 
ef = {(0,a,m) : (-,0,a,m) G dl'',} and ^'^ = {(0,7,ri) : {-,0,l,n) G 3^1''} . For 
the step we note by definition 

Regf^\n) = {iF,G) G Regf (fi) : C'^\F,G) G Regf 

= G Regfin) : C\F,G) G Regl'lji^)} 

and according to the induction start we obtain (F^G) G Reg^'''^^(r2) , if and only if 
G Regfin) and 

(F, G), i?^^^)£2,9,g + l(Q) = ( (-^) G^)) -f^7,n )l2, 9,9+1 (f^) = 

holds for all (0,(T,m) G Q^'lj and (0,7,r2) G . Since C\F,G) G Reg^L^(f^) we get 

Co C'~\F, G) ek-ji^) ^^Dlt'jin) 



and with Lemma 12.61 

A-i£2AF+;^GRVi+j(^)x{0} , 

because (0, a, m) G O^l^j implies cr<s-l-J - A^/2 , i.e. s + l- J>cr + 2 + A^/2 . 
Using partial integration, i.e. [211 (2.5)], we compute 

= (£o/:'~'(i^,G),MA-i£2F+;^>^2,9,9+i(^) = -{C'-\F,G), E^;^)^,,^^^,,^^^ 
and therefore repeating this argument 

(£ (F, G), F^^;„)£2, 9,9 + 1 (fj) = {{P)G))Ec7^m )l2,9,9 + 1(Q) 

Analogously we conclude 

(£ (F, G), -ff^; )j-2,q_,+i^^^ = (— 1) ((F, G), -f/'^;^ + )jr2 
Finally we obtain (F, G) G Regf-^+^(fi) , if and only if (F, G) G Reg^"^((]) and 

{|(F, G),F^^^ )l2,9,9 + 1(J-2) ~ ((-^5 ^)) -^7,71 )l2,9,9+1(J-J) ~0 

holds for all (0,cr, m) G O^l^^j and (0,7,^) G 0^^j^ and the induction hypothesis for 
Reg3'''(i7) completes the proof. □ 

We are looking for projectors onto Reg^'"^(fi) and thus for a dual basis of 

771+, fc H^'^ 

For £, cr G No and {m,n) G {1, • • . , fi^} x {1, . . . , let us define 
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Lemma 2.17 Let i,k ^ Nq. Then e^'^ and h^'^ (^'^^ C°°-forms on and belong to 
Reg'^'° iv S^) ■ Furthermore, e^'^'^'^ and h"^'^"^ are compactly supported and thus 

elements of Reg^;,° (fi) as well as RegY{VL) for s e {i - N/2, oo) \ I . Moreover, fori>2 

rk ±,k+e _ ±,l nk i^±,k+e _ i^±,l 

'^a,n '^a,n ' ^ "'a,m "'a,m 

hold and these equations even remain valid for the negative forms e~'^ and h~'^ if C = 0, 1 . 

Proof According to [251 Remark 2.4] we have dive^„ = and rot/i^^ = and hence 
by [251 Remark 2.5] e^;^ , h^^^ G Reg^'^^jv^^^_-|^(f2) . Furthermore, 



e 



±,1 

(T.n 



^(0,^<„''°) + C7M,,(^/^^iO) , (2.8) 

e^;l = 0) = Cm,,(0, + MC^^D^^l 0) , (2.9) 

h^;i = ,^{^D''^l,Q) + CMM^Rt^'') , (2.10) 

h^;l = C(0, ±i?^+^^'i) = CmA^DI'I^ 0) + MCm,,(0, ^i^^+^^'i) . (2.11) 



Thus et:ri , ht:i e Reg^f^^^^^^iQ) and for all ieN, 







supp e U supp h^'^'^ C supp Vr/ 

i.e. et:n^'^, h^;^^ e Reg^;," (fi) . By ^ Theorem 5.10] resp. [23 Corollary 5.12] any 
power of C is well defined on e^;^"*"^ , hf'^"^ . Because of the compact supports we obtain 
for £ > 2 

'-'^cT.n ^a,n i "'a,m "'a,m \'^-'-'^) 

and a short induction shows 

rk ±,k+e _ ±,i pk ,±,k+e _ u±,e /r, , o\ 

^a,n ^cr,n i "'a,m "'a,m 

for all G No . The forms e~'^ , h~'^ and by (12.81) . (12.101) also e~'^ , h~'/^ possess the 'right 
shape', such that for the negative forms according to [251 Corollary 5.12] the equations 
(12.121) and (12.131) hold true for £ = 0, 1 as well. Once more taking into account the compact 
supports of e^;^ and h"^'^ we get 

et'n^' , h%i^^ G Regf (fi) 
for all £ e No and s e (£ - N/2, oo)\I. □ 



Lemma 2.18 Let K, Z E Nq . Then for all a E {0, . . . , Z} and k E { — I, . . . , K} as well 
as all {£, 7) G Nq and appropriate m, n 

/ -/+2 o-+,fc+l\ _ /7,-,^+2 p+,fc+l\ —/lA^X X X 
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Remark 2.19 It suffices to choose j > N + 2(2 + K + Z) m (1^ . 

Proof We note again that e^^'^ and h^'^ have compact supports. For all £ G No partial 
integration and (12. 9p yield 

= (-l)^(C(-Z^^i, 0), M^E+;^+^>^,,„,,(^^ . 

Since M C = M Cq = Id on supp and M(i?+^, 0) = (0, 0) the scalar products S^'^ vanish 
for i > k + 2 . However, for i < k + 1 we get 

and these scalar products can only differ from zero if + 1 — ^ is even. The integrals 
range only over supp Vrj . Thus we may insert the representations from Corollary 12.81 
for E^'^'^^~^ and see that S^'^ = holds by Lemma 12.91 even in these cases. The same 
arguments force 

'-'(T,7 • \'^7,n 5-'^(T,m /l2, 9,9+1(^2) 

to vanish ioi £>k + 2 . If £ < A; + 1 we get 



(Q) 



These scalar products can only differ from zero, if + 1 — £ is odd. Again we insert the 
representations from Corollary 12. 8l for H^'^^~^ . But now in the case k = i we get a term 
"""-^CT/m ; "whose scalar product with C~D^'^ does not vanish if (a, m) = (7,n) according 
to Lemma [2. 9[ Therefore we obtain 



S';^ = i-lY{Ci-D^^% 0), 0)>L2,9,9+i(n) = i-^)%iS.,,5m,n . 

Similarly the assertions about the remaining two scalar products may be shown. □ 
We have found our projections. 

Theorem 2.20 Let 3 E N and s E {3 + I - N/2, oo)\I. Then 

Regfin) = Regf (fi) + Tf , 

where Tf := Lin {e-;^+2 , h:^;^+^ : (A;, a, m) E 0f ^"^ , {£, 7, n) E Qf] . 
More p recisel y: Each {F,G) E Regg'°(fi) can be decomposed uniquely as 

(F, G) = {Fj-cg, Greg) + (Fr, Gr) , 



28 



Dirk Pauly 



where (-Freg, Creg) e Reg^'"^(f2) and {Fr,Gr) G T^'-' are defined by 



,k+2 
L(n)"'o-,m 

(fc,(T,m)G0s''' 



fc+2 

L2,9,>j+l(n)""o-,m 



(fc,<T,m)GeI+^"' 



Remark 2.21 T^"' are finite dimensional suh spaces o/(C'^'«(l])xC°°''?+^(fi))nReg^;,° (fi) 
and t/ie corresponding projections {F,G) h-> (Ft,Gt) resp. {F,G) i— (Freg,Greg) o'^e con- 
tinuous. Moreover, the choice j > 2(s + J + 1) in (12. 6p sufficient. 

Proof According to Lemma [SHI we have T'"' C Reg1;^^{VL) . Thus (F, G) G Reg^'°(n) 
imphes (Freg, Greg) , iFr,Gr) E Regf^(^l) . Applying Lemma [2.181 we obtain for all 
(fc,a,m) e e^'-' and (£,7,n) G e^+i'-J 

((-^reg, Greg), -E^^ )L2,9,g+i(Q) ~ ( ( -^reg , Greg ) , -f^^i^ )L2,q,5+i(f7) = 

and therefore (Freg,Greg) G Regf''^(f2) by Lemma [!^. 151 which yields 
Regf (fi) C Regfin) + Tf c Regf (fi) . 
So it remains to show the directness of the sum. Let us pick an element 



fc+2 
m 



of the intersection Reg''"^(f2) fl T^'*' . Applying C yields that 

/^{F, G) ^ ^ ^ k,a,m(ia,m ~^ ^ ^ Sfc,o-,m^(j,m, 

(fc,o-,m)Gei+^'-' (fc,cr,m)GeI-' 

belongs to Reg^;!^]7^(^) L^^f^^(^7) by Lemma [2.171 If A; > the forms e~'^^^ resp. 
h~'^^ have compact supports. But for = with (12. 8p . (I2.10p the forms e~;^ , h~'^ 

are no longer compactly supported. However, they belong to 'L^''^^^^ {Vt) but even not to 

<—+(j 

l?'^'^^^ {Vl) . Thus e~;^ , h~^^ are not elements of 'Ll'lf'^^ {Vt) since (0,cr, m) G 9^"*"^'"' resp. 

(0, 0", m) G 6^'"^ implies A^/2 + a < s — 1 . The forms and /i";^ are hnear independent. 
Consequently the coefficients f o,o-,m , go,cr,m have to vanish. Repeating this argument with 
C^{F,G) for j = 2, . . . , J finally shows ffc,o-,m = gk,a,m = for all {k,a,m) G B^"^^'"^ and 
{k, a, m) G Qf^ . , ^ , , ^ 



We are ready to approach the low frequency asymptotics. 
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3 Low frequency asymptotics 

We will prove the desired asymptotic expansion in four steps, which are: 

step one: proof in the reduced case, i.e.: 

compactly supported perturbations A ; 
right hand sides from Reg^'°(r2) ; 
estimates in local norms 

step two: replacing Regf{Q) by L2'9.9+i(fi) 

step three: replacing local norms by weighted norms 

step four: replacing compactly supported perturbations e , jlhy asymptotically vanishing 
perturbations 

Following this program we only drop the assumption of compactly supported perturba- 
tions of the medium in the last step. Thus (12.41) may be assumed during the first three 
steps. 

3.1 First step 

Lemma 3.1 Let 3 e No , s e {3 + 1/2, 3 + N/2) \ I and t := s - 3 - {N + l)/2 . Then 

(fc,o-,m)eel'-' 



- 2,q.q + l 



holds uniformly in cu E C+^cb \ {0} and (F, G) E Reg^'°(r2) . 
Proof According to Theorem 12. 2UI we decompose {F,G) G Reg^'°(fi) 
(F, G) = (Freg, Greg) + (Ft, Gr) e Regf{n) + Tf 



and obtain by Theorem 12.31 uniformly in u and (Fj-eg, Greg) 

\\ ^ui,J-liFrcg, Greg)\\^2,q,q+i^^-^ = ©(Iwl"^) II (Freg, Greg) 11^2, 9,<3+l(Q) 

By Remark 12.211 the projections are continuous and thus 

II G) — C^,j-i{Fr, Gx)||l2,9,9+1(q) = ||(F, G)\\^2,q,q+i ^^^^ 
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This shows that we only have to determine the asymptotics of the special forms '^"^ , 
^a'rn^'^ for k < J — 1 , which belong to Reg^''^(n) using Lemma 12.171 Theorem 12.31 and 
Lemma 12.171 yield 



2 
2 

^ '"am 



Then for 1 < < J — 1 we obtain 

j-i 

j=k 

= (-iu;)'=£^,j_i_fce-;^ 
since = C^~^ e~'^ . Analogously we compute 



□ 



According to the latter lemma we only have to calculate the asymptotics of the special 
forms 



a,Tn 



for CO G C+^^ \ {0} , < A; < J - 1 and a < s - A^/2 - 1 . 

For this we will use a technique introduced by Week and Witsch in |13] , [H] and |15] , 
which was completed in jl6] resp. |19]. The idea is to compare 

'~'^^<j,m -I "'(7,171 

with special radiating solutions of the homogeneous problem in \ {0} and then to 
identify the proper static terms in their asymptotic expansions. For this procedure it is 
essential that the perturbation A has got a compact support. 

Let us define for g G {0, . . . , — 1} , cr G No , m = 1, . . . as well as w G C+ \ {0} and 
z/^ := N/2 + a 

oo oo 
k=0 k=0 

(3.2) 



2k 

fc=0 fe=0 
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and 

oo oo 



A:=0 k=0 

E^'" ■= -divH^''^ 

oo oo (3-4) 

k=0 k=0 

where := 2 i t^^4~'''" r(i+!^'"j (— l)'^'"+^/^+'^g-°+^''-^ and F denotes the gamma-function. 

These series of g- resp. (g + l)-forms converge uniformly on compact subsets of 
\ {0} and there they define C°°-forms. Moreover, they solve 

{M + iio){E,H) = (0,0) and {A + io^){E, H) = (0,0) 

in \ {0} since clearly (div E, rot H) = (0, 0) . For real frequencies u ^ they fulfill 
Sommerfeld's (componentwise for Helmholtz' equation) and Maxwell's radiation condition 
and for nonreal frequencies u G C+ \ M they decay exponentially at infinity. Moreover, 
{E';^l^,H2%) , n = 1,2, belong to the Sobolev spaces H^'^1+^ (A(l)) for any G No as 
well as 

K% = ^^'^ ( - ^ S'V^ (3-5) 

+ i ((iV/2 - (g+ l)'X(a;r) +u;r«)'(a;r)) pT^, 



and 



+ i [{N/2 - gX(a;r) + a;r«)'(a;r)) f , (3.6) 



hold, where if^J;^ denotes Hankel's first function and := i Y^-z^i—^Y"'^^^'^ ■ For details 
and proofs we refer to [231 Sektion 5.5]. Compare also with (84)] and [IHl section 4]. 
Now let us turn to the calculation of the asymptotics of C^^ e~'^ 



a.m 



^2 
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(using an obvious notation) fulfills the radiation condition and solves 

(M + iu;A)r^(Ei;- , H^;- ) = (M + iuME];^^, K'^J = CaUK^ K%) ■ 

Hence 

Since Cm,j7 has compactly supported coefficients 

C^M + icuA)CM,,i-Dl%, 0) = CM,,(-/^^i, 0) 

holds and therefore 

C.MCMA'Dl'in.O) = (Id-iu;£JCM,,(-/^^i,0) . (3.8) 
With (12. 9p we compute 

CM,,CDiin, 0) + Cm,,((0, - 0)) 

Lu 

Lu 

According to Lemma 12.171 we may write 
and obtain 

£^,1 e;,;^ = i u{C^ Cm,, - v) {iK%, K%) - -(0, -<„''°) - i'Dl'^^, 0)) . 

Now inserting the expansions (13. ip and (13. 2 p in each case the first term of the (— )-series 
of E^'^ resp. H^'^ is killed and we achieve 



^^,1 = {v-^. Cm,,) ( Y.^-iuf\M - iu;)(-D^;^^+\ 0) 

fc=i 

oo 

+ 0;^+^^^ 5^(- ia;)^^(M - ic.)(+D^;r\ 0)) 



fc=0 



with := Kl+^ = 2iz/,4-'^<^3i^(-l)'^^+V2 



Low Frequency Asymptotics for Maxwell's Equations 



33 



Since the series converge locally uniformly for u G Cj^^^cj \ {0} in \ {0} , they 
converge in particular in Lf^l''^'^^ (Jl) . Consequently, the series CM,ri^--- converge in 
La.q.g+i^^-j all s e M because of the compact support of CM,ri ■ Therefore, the continuity 



of Cuj yields the convergence of the series C^^ CM,r] ^ ■ ■ ■ = ^ ^lu Cm^-t) ... in 'L^''^^^^ {Vt) . 



<- 



Let fib denote a bounded subdomain of Vt with supp Vr] C fib . We look at 
(/, g) ■■= Cm AM - iio){^Dl''J;+\ 0) = -iuja,,,,^DlfJ:+') . 

By [251 Remark 2.4] we get 

div / = - div v^Dl'^r!:'' = , rot (7 = i a; rot v^R^r^''" = i a;aot,,^i?fJ''' 

o 

and moreover (/,(?) is perpendicular to B'^(fi) x B''^^(fi) because supp(/, (?) C supp Vr^. 
Furthermore, every || ■ l^a.^.g+i^j^^-norm is equivalent to the || ■ ||L2.q,9+i(nb)-iiorm for {f,g) . 
[25| Remark 2.2 (v)] and [2H Lemma 5.2 (iii)] yield (with generic constants c > 0) 

II ^'^^f^ 3)\\l^2,q,q + l^Q^) < C (^||(/)5')||L2,g,9 + l(f^) + || Crot , Jj"^ -R^^ '^'^ || l2.9,,+ 1 ^ 

and thus also 

all uniformly in k and a, m as well as u (See [25l Remark 2.2 (v)]) . For K > 3 we obtain 
by m> 

K-l 

e-i - (r/ - Cm,,) ( $^(- ia;)^'=(M - ico){-Dl''J:+\ 0) 



fc=i 



K-i 



k=0 



|2X 



< c ^ < c |u;| 

Once again let us introduce a new short notation: 

M ~ f -.4^ \\u — f ||l2.'j.9+i(Qj,) < c |ci;| uniformly w. r. t. w G Cj^-^cj \ {0} 



Using this new notation we have shown so far 

K-l 
k=l 



^^.1 ~ ia;)^^r^ - Cm,,)(M - ico){- Dl''J:^\ 0) 



(3.10) 



fc=0 
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and the only unknown w-behavior is hidden in the terms 

Using CM^,r} = MCM,ri + CM,r]M and [251 Remark 2.4] we compute 

= Cm^,{^DI''^!;+\ 0) - C.{M + iu)CM,rjeDl''^+\ 0) 
= 0) - £^(M + iuA)CM,,i^Dl^^J:^\ 0) 

= 0) - CM,,eDl'^J:+\ 0) 

and then for A; G Nq 

(r] - Cm,,)(M - ico){^Dl^'J:^\ 0) ^ 
= -£.C'(±Z)^;^^+\0) + (M-ia;M±D^;r\0) . 

If /c > 1 we have 

M'vi^Dl^^J:^\ 0) = CM.,,(^i)^;r \ 0) + r/(^z^^;r \ 0) 

= S 0) + v{^Dl''J:-\ 0) G Reg£°((]) . 

We note once more 

^(^^^;rSO)eRegf^°(fi) (3.12) 

by (251 Remark 2.4] . Thus according to [251 Theorem 5.10] may be applied to 
M2r7(±D^;^+\ 0) and we obtain 

v{^Dl''J:+\ 0) = £2 \ 0) + S 0)) • 

By (13.121) C and are even well defined on ri{'^ D'^'^~^ , 0) , such that 

^(^^S'""'' 0) = C{^D'^j^^\ 0) + £^ r^(^Z^^i^-\ 0) 
holds. A short induction shows 

r,{^D'^T'^ 0) = X: C?' Ci^Dlf^^'-^^ 0) + C'' vi^Dl%, 0) , 

and hence using = Id on supp rj 
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We remind of riij^Dl'j^, 0) = e^;^ and C(^D^|^, 0) = e^;^ . Putting all together yields for 
k>l 

(M-ia;)r/(±D^;r\0) 
= {CoC'''-^-iuC,C''^-')e^;^ (3.13) 

+ c?'-' -icoCo 0) . 

£=l 

Inserting this formula into fl3.1ip and all this together into fl3.10p we obtain 

'~'U},1 '='a,m 

where := —'&f + Sn + S^j and 

K-l 

Si±;=5^(-ia;r£.C(±D^;^^+\0) , 



(3.14) 



k=l 
K-l 



k=l 



A:=l £=1 

Obviously 

2K-1 

S^,= Y,{-iurCoC'-'e%t ■ (3.15) 

k=2 

In the double sums S^j we substitute i hy := k — i + 1 , interchange the sums and 
again substitute k by i{k) := k ~ j . Then we denote the pair again by {k,i) . We 
get 

K-l 2A'-2fc-l 
fc=l i=0 

and thus 



Sf - Si1i = 5^(-iu;)^'=£.,2i.-2.-iC(±D^;r\0) 



fc=i 



We have C Dl'^J;+\ 0) e Reg^;°(f^) and also for all > 1 and j < 2K as well as 
s G {2K — N/2, oo) \ I according to Lemma 12.151 
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because for all {i, 7, n) with i < 2K we may compute 

using Lemma 12. 9[ the expansions from Corollary 12.81 and observing 2/c + 1 > 3 . In 
particular for 1 < k < K — 1 

c(^^^;r\o)GRegf^-^^(r]) 

holds. Therefore Theorem 12.31 (i) yields uniformly in u (and k,a,m by [251 Remark 2.2 

(v)]) 



^u,2K-2k-l Ci^Dl'"^^^, 0) I 



L2. 9.5+1 (Qj^) 



^ \ \2K~2k\\i^(±T^q,2k+l ^ \ \2K-2k 

and we obtain 

S± - S± (0, 0) . 
Since e~;^ = £^ e~;^ by Lemma [2. 171 we see from fl3.15p 

2K-1 



k=2 



and inserting all in fl3.14p (using fl3.15p again) we arrive at 



^u,2K-l ^a'm ~ ^a,m ^11 

2K-1 



k=2 



For each N 9 j < J + 1 choosing some i^' G Nq with 2K > j we finally obtain 

j-N-2cr-l 



k=2 



(3.16) 



It remains to identify the terms. The equation 

= Mvi^Dl'i,, 0) = CmXDI%, 0) + r^(0, , 
ffXT^ and [23 Theorem 5.10] show 

^oe+;;, = e+;^ . (3.17) 
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Using f lXTT]) in ( KWf we get 



j-N-2cr-l 



1 N+2(7 



(3.18) 



A:=0 



,2 



Since e+;^ G Reg^Q° (fi) we may look at 
utilizing [25; Corollary 5.12]. With M(0, h) = (0, 0) and rot /i/i = we have 

^ 2 ' ^ 2 

Hence -f^j"^ = by Lemma 12.41 . Finally f l3.18p turns to 



j-Af-2o--l 



J 7V+2. 



(J m *~'ijj,j—N—2<T-~l(^ 



(3.19) 



k=0 



Similar calculations but using the forms (E^'^^, H^'^^) from (13.41) . (13. 3 p and looking at 
(0, ^i?^^'^'^"^^) yield a corresponding estimate for £^ h~'^ , i.e. 



r 77-'2 

'-'uij-l "'a,m 

j~N-2a-l 



(3.20) 



fc=0 



Lemma 3.2 Lei J G No anc? s G (J + 1/2, J + A^/2) \I . Then for all bounded subdomains 



{F,G) 

J2 (-ia;)^+'=«:fc,.((F,G),< 

(fc.o"."i)G0j_i_iv 



+ ,fc-2o-+l\ 



L2.9,<7+l(0)'^i^,o-,m, 



(-ia;)^+''Kfc,a((-^, G),iJ+;^ ^'^^^)L2,9,,+i(!^)-^;i,a!» 



L2,9,<J+1(Q|^) 



o{H')\mG)\u 



'1,9 + 1 
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holds uniformly with respect to tu E C+^i \ {0} and {F, G) E Reg^'°(f2) . Here we set 
Kfc^^ := i2fc-2^+^;.^ and 6] := {{k,a,m) E Nl : 2a < k < j A 1 < m < fil} . In 
particular for j < min{ J, A^} 

II = 0{\UJ\^) ■ ||(^,G)||l2,,,,+1(^) 

Proof We insert the asymptotics of f l3.19p . f l3.20p in the estimates of Lemma f3.ll with 
j := 3 — k . The sums range over B^'"' and B^^^'"^ . In particular for {k,a,m) E B^'"' we 
get 

0<fc<J-l , 0<cT<s - N/2 -k-1 , l<m<^l 

Additionally we have the condition A; + 2cr + A^<J — 1 since higher order terms may be 
swallowed by the 0-term. Because J + l/2<s<J + we only sum over 

0<A;<J-1-A^ 

r N , J-l-A^-A;^ J - 1 - - A; 

< cr < min <s A; — 1, > = , 

- - I 2 ' 2 i 2 

1 < m < /i^ 

We interchange the sums over k and a , set i{k) := k + 2a , interchange a and i and finally 
denote i again by k . This proves the first assertion. Once more recalling 

et,i,K;^E Region) (3.21) 

we apply [211 Lemma 5.2 (iv)] and get 

Thus ^f, o- m , ^ij^a^m ~ (0; 0) ; which yields the second assertion. □ 

In the following we often use without further reference an uniqueness result for asymp- 
totic expansions. 

Lemma 3.3 Let L,L E No and x_i, . . . ,xl be elements of some normed space X . 
Moreover, let 

L 

II ^ uj^xeWx = o{\uj\^) 

l=-L 

hold uniformly with respect to C+ \ {0} 9 a; — > . Then all X£ vanish. 
According to (13J9|) . (Km we have 
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with polynomials 

k k 

X^,^M:=E(-i^)'^"'<™ ' <M--=J2^-^^y^~'Ki (3-22) 
of degree k in u . By fl3.2ip we may apply Lemma [3.21 with J := j to 

which yields the asymptotics 

(A:,cr,r?i)eeJ_-^_^ 



and 



where 



r 7)+'2 



l^e^^',^!^ '■— ^k,a{e'^^n^ E^Jm ^'^^"^)L2.9,<7+i(n) ' (3.25) 

'^eljjn '■— '^k,a{e^^'n^ H^^'j^ ^'^"'""'") £2,9,9+1 (j^) , (3.26) 

fc,tT,m /!, + ,2 77i+,fc-2o-+l\ 



f^h,"f]u '■— '^k,cr{h1^^'^, E^jJ^ ^'^^"'")L2,g.q+i(f7) ; (3.27) 

^h,-f',u '^k,a{h^'u^ H^J^ ^'^'*'^)L2,9,9+i(n) • (3.28) 

Thus there exist polynomials „(co') and ,^(1^) of degree £ in a; , such that 
hold. Since 

^ +^2 i +,2 f /, + ,2 ^ 

the coefficients of X^^^(c<;) and Y^ j^(u;) do not depend on i. Consequently there exist 
forms 
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such that 



•^l:,\n - ^^\^) - Kni^) ' (3-29) 

i-i 

i3i:7!. - - n:.'(^) =■ E(- ■ (3-30) 

£=0 



We obtain immediately 



j-N~2a~l 
j-N-2a-l 



<T,m 



cr,m, 



and 

(K2^ and I^M) yield for 1 < j < 

C^j.i e+;^ , (0, 0) (3.31) 

and therefore we get for i = 0, . . . , N — 1 

^y,n = ^'^H^'n ' = ^"^^^^^ ■ (3.32) 

The higher order coefficients may be computed recursively utilizing f l3.23p . 

f l3.24p . In particular we have for j > N 



j-N-k 



j-N-k 

{fc,<7,m)ee]_jv ^=0 

+(-ic.)^ y: i-icoM'^'- y (-'^yK 



(3.33) 



(3.34) 
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Using fl3.22p and fl3.29p , f l3.30p we get the following recursion for the forms „ , Y^^^^ 
and£> N 



(fe,(T,m)Ge^_jv 



(fc,(7,m)ee|+]v 



(3.35) 



e-N-k 
m 



E k,cr,m ^e~N-k 
h,'y,u a,m 



(3.36) 



Additionally we obtain 

Xl^,Yl, G Lin{A-iif+„^A-iE+'^} 



+ Lin {X^:^^-'^ , F//-^ : (A;, a, m) G ^ A (fc, a, m) G 0^^} 
C Lin{A-l/^+„^ A-iE+;f } + Lin{X,^^^ , yj;^ : + 2a < £ - iV} 



(3.37) 



and a short induction shows 

X:;,,, K;,, G Lin{A-iiJ+;,^A-iE+;f} 

+ Lin{A-^E+;^, A-^H^jl : k + 2a < £ - N} . 

Moreover, our coefficient forms satisfy 

MX°„ = MK;;, = (0,0) (3.38) 

and for £ < X - 1 

A-iMX:;,„ = X:;-! , A-'MYl, = Y^~' . (3.39) 

Once again by induction these equations hold true for all £ > X . 

We may formulate the main result of step one. For this let the coefficients X^ ^ and 
Y^^j^ be defined recursively by fl3.32p . (13.351) . (I3.36P and 

Definition 3.4 Let J e No , s e {J + 1/2, oo) \ I and (F, G) G Ll''^''^+\n) . Then for 
j = 0, . . . , J — 1 — X we define the 'correction operators' 



{k,a,m)€Q 



{k,a,m)e0^ 
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Theorem 3.5 Let J G Nq and s G (J + 1/2, oo) \ I . Then for all bounded suhdomains 
VL\, <Z VL the asymptotic 

3-l-N 
j=0 

holds uniformly with respect to {F, G) G Reg^'°(fi) and u G C+,(2, \ {0} . 
Remark 3.6 

(i) The coefficients „ , Y^_^ have to be computed only for £,27 < J — 1 — and 



(ii) Because of fl3.38|) . fl3.39p the correction operators satisfy 

A-^M Tj = fj_i 

where f _i := . 

(iii) By fl3.37p we have 

f,(F, G) G Cor^'^(fi) := Lin{A-iE+;^ , A-^<„' : + 2a < j} . 
Hence the correction operators 

tj : Ll'^'^+^Q) W'^iQ) 
are degenerated (and clearly continuous). 

(iv) f,(F, G) = (0, 0) /or (F, G) G Regf (fi) . 

Remark 3.7 Utilizing the representations of E^'^, from Corollary \2.S\ and the 

orthogonality properties from Lemma W^ we may obtain a more detailed recursive defini- 
tion of the coefficient forms X^^, Y^^ . Namely looking at fl3.25p and keeping in mind 
k — 2o- > we see that f3^'^'n vanishes for odd k — 2cr + 1 , i.e. even k . However, for even 
k — 2a + 1 , i.e. odd k , we get by Corollaru \2.8{ and Lemma W^ 

nk,a,m ^k — 2a+l,a,m 



Accordingly we achieve for odd k 

k,a,m >fc— 2CT+l,CT,m k,a,m nk,a,m p> 



and for even k 

k,a,m k,a,m ^k—2cr+l,cr,m nk,a,m >fc— 2(T+l,(T,m 
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Now our recursion (13.35 p . fl3.36p appears in a more explicit shape 



k odd 



E^k-2a+l,a,m ^e-N-k 



(fc,o-,m)6e''+^ 



7,n,— ) o-,m 



A; even 

fc-2(T+l,<T,m T^e~N-k 



(fc,o-,m)ee'' 



k even 



, \^ ,^ /■k-2cr+l,cr,m Yl-N-k 

+ 2^ '-fe,<^ ^(1,7,1^,-) ^' 



(fc,(7,m)Ge''+^ 



f-JV 
fc odd 



Proof W. 1. o. g. let s G (J + 1/2, J + Ar/2) \ I. We insert the asymptotics dS^H]), 
fl3.30p into the estimates of Lemma (3 .21 Introducing the new variable j{t) := i + k and 
ordering the sums according to j , k , a , m we have proved the theorem. The assertions 
of the two remarks are easy consequences of the definition of the correction operators and 
(Km . flOSj) . (1339]). □ 

The first step is completed. 
3.2 Second step 

By the results obtained in [26l section 3] we get the following essential decomposition: 



Lemma 3.8 Let s > 1 — N/2 and s + 1 ^ I as well as t < s and t < N/2 . Then every 
{F,G) G Ll''^''^^^{Q) may be uniquely decomposed into 

{F,G) = A{Fr,Gd) + {F,,Gr) 
where {Fr,Gd) and {Fd,Gr) are uniquely decomposed into 

{Fr, G,) = (b, b) + (F„ G,) + {Y. M^'y'vRh E i^i^'i^'vDr') , 
{Fd,Gr) = + ( ^i^^^vRT, Y1 V'/rotr/D^,) 
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with constants E C , where 'd'\ := i {q' + e(/))^^^(g + e(/)) "^^^ . Moreover 

ib,b) e LinB'? X LinB^+i C oR^ox(^) x oD^+i(r]) 

(F^Grf) G Tri^(fi) := (LinB'^ x LmB''+') + (offi^(jf ,^]) x oOf '(jf''^, ^^)) 

= Regf (fi) + (divr/ai'?+i(ijf ) X rotr/D«(ijf ''°)) 
C Regf°(^]) 

anc? all projections are continuous. We denote the projection [F, G) t— ?■ (F,., Gd) by 11 and 
the projection (F, G) ^ (F^, G,,) Ilreg = Id —AH . 
Shortly written we get 

L2,,,,+1(^) = (ATri^(fi) + Regri(r])) n L2''?''?+1(1]) , 
where Tri^(^]) = nL2'9'9+i(fi) and Reg^'~^(^]) = n,egL2'9-9+i(^]) . 

Remark 3.9 This lemma still holds true for r -C^ -admissible transformations A if we 
assume r>0,r>s + l — N/2 and r > — s — 1 . 

Let us consider for J G No and s G (J + 1/2, oo) \ I some (F, G) G L2'«''2+i(r]) . We 
decompose (F, G) according to the latter lemma. (F^, Gd) solves 

(M + ia;A)(F,,G,) = iu;A(F,,Gd) 

and satisfies the boundary, integrability and radiation condition since t > —1/2. Thus 
for the 'trivial projection' we have 

iuC^A{Fr,Gd) = {Fr,Gd) ,i.e. iuC^AU = U . (3.40) 

Looking at the 'regular projection' we see that Theorem 13.51 determines the asymptotic 
of (Frf, Gr) completely. Therefore it remains to compute the asymptotics of 

{fd,gr) ■■= ( <^/divr/i?^;^\ ip J rot rjDlj) 

We note for / = (— , 0, a, m) and J = (— , 0, a, n) 
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Thus we have to calculate the asymptotics of 

(div vRlt\ 0) = Mh-;Z = h-i , (0, rot = Me-„° = e~i . 

But this is quite easy since and h~'^ inherit the asymptotics of e~'^ , h~'^ derived in 
the first step. We discuss for example e~;J . e~;| satisfies the boundary, integrability and 
radiation condition as well as solves 

(M + i ujA)e~;^ = e";? + j ^^-'^ 

This yields 

= £ p~'^ + ia;£ p^'^ 

By Lemma 12.171 we get 

r ->! _ ^}_( -,i _ r ->2\ _ -,2 
100 ' ' —lUJ 

j 



— lU) 

1=1 



and hence 



r -,i _ r -, 

— 1 CU 

By (1339]) and (1329]) we obtain 



£=0 



and similarly 



(3.41) 



j-N-2cT 

C^,-ih-,i = KoA-^u;f-' E (-i^)'^X- ■ (3-42) 

In order to compute the coefficients , tjjj in terms of {F, G) we have the following 
lemma. Please compare to Lemma [2.131 
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Lemma 3.10 Let s G (l-A^/2, oo)\I and {F, G) E L2''^'9+l(^]) . Then for all appropriate 
a, m and i > 1 

(i) ((F, G), i5;+;^>£,„„+,(^) = {F, i5;+„)L^„(n) = -VI , 

{{F,G),H;^'^)^2,g,g+i^^-j = {G,H;^^rn)v^-''+Hn) = -'^J 

((-^' -^0-,m)L2,g,9 + l(Q) — {i^d,Gr),H^^'^'^^2,q,q+l(^Q^ 

hold, where I = (— , 0, cr, m) resp. J = (— , 0, cr, m) . 

Remark 3.11 Here of course 'appropriate' means that all E^:^ , Hp^ , Ep^ , H^;^ 
are elements o/ L^^'^'^^(i7) . More precisely we may pick I = (— ,0,cr, m) G J^'" resp. 
J = (-, 0, a, m) G Jf and {i, a, m) G 9^'^ resp. {i, a, m) G G^+i-^ . 

Proof Let us first discuss (i) and . During the proof we denote I = (— , 0, a, m) . The 
representation of F in Lemma 13.81 may be written as (see [26| Theorem 3.2 (iv)]) 

F = eb + eFr + Fd-iJ2 vM' + a)-i/2£A,r/P/ , (3.43) 



5,0 



where P/ := (g + aY^'^R'^^j + i{q' + aY^'^D'^j is a potential form and by [261 section 3] 

Fr G oMK^) = rot R^il^) , e oro^(f^) = div D^+J(l]) 

Since eA^ = e rot div + div rot = A on supp 77 and AP/ = we obtain 

£A,?7P/ = CP/ 



Clearly we have 



and utilizing the expansion of E'^^ from Corollary 12.81 as well as Lemma [2^ and Remark 
EH we get 



■13,0 



— — V^(-,0,7,n) , 

since the sums vanish except for = ~P^'^ resp. D^/ = . The other assertion of 

(i) for if) J may be shown in a similar way. 
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To prove (ii) we write 

F = eb + eFr + Fd+ <^/((^^)"' rot r/D^f' + div r/i?^;') 



9,0 



with some Fr G oIRs(^) ■ For any £ we have 
Thus it remains to show for all / 

where := {'&'^)~^ rot rjD'^J^ + div rjR'^J'^ . In order to prove this we compute 
i{q' + ay/^Q'j = CPf - div a,,„Pf - rot Cdiv,,P/ 

and obtain directly ((rot Cdiv,r?-P/ , 0), -E'j^^)j^2,,.9+i(-Q) = 0. With the second term on the 
right hand side we proceed as follows. We write E^'^ = MA~^E^^^ and since Crot n is 
compactly supported partial integration yields 

((divao,,,P/,0),i?+;^>£,,,„,,(^^ 
= -((0, rot div ao,,,P/), P+;^+^>L.,„.+.(^) 
= -((0,rotCP/),<;^+i>£,„„^,(^^ 

+ i{q' + cry^'{{0,TotdWr^Rlf),E^:i+\,^^^^,,^^^ 
= ((CP/, 0), ,j ^^^^^^^ 

where the last equation follows once more by [25i Remark 2.4]. Consequently 

Because i > 1 the scalar products ((0, CP^j Pj^^"'"^)j-2 g+i^j^^ vanish once again by 
Corollary 12.81 Lemma and Remark |2.10[ We note that since £ > 1 the scalar products 
((CP/, 0), P^.;^)jr2,,.,+i^Q^ vanish as well, though this is not necessary for the proof. The 
other assertions of (ii) are shown analogously. □ 



Putting all together we obtain the main result of step two. 
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Definition 3.12 Let J G Nq , s G ( J + 1/2, oo) \ I and {F,G) G Ll^'^^'^+\n) . For 
j = 0, . . . , 3 — N we define the 'correction operators' 

2a<j , m 

~ ^ ] ^o,a{{F,G), H^:^'^^2,q,q+l(^Q-J-^i,m 
2(r<j , m 

as well as Tq := Tq and Tj := Tj-i + Tj for j = 1, . . . , 3 — N . 

Theorem 3.13 Let J G Nq and s G (J + 1/2, oo) \ I . Then for all bounded subdomains 
Qt, G Q the asymptotic 

3-1 

II C^iF, G) + (- i u)-'U{F, G) - i uy Co ^ n^eglF, G) 

j=0 

3-N 

-i-iuf-' E(-i^)'r.(^'G)|lL.,...(n,) = o(l^l^)||(i^,G)||,..,..(^) 

j=0 

holds uniformly with respect to (F, G) G L'j.''^''^~^^{Q) and uj G C+^i \ {0} . 
Remark 3.14 

(i) By Lemma \2. 13\ on Reg^'°(f2) we have Tj = and thus Tj = Tj-i for j > 1 as well 
as Tq = . 

(ii) n(F, G) = and n,eg(F, G) = (F^, G,) = (F, G) hold for (F, G) G Regf{n) . 

(iii) Because of fl3.38p . (13.391) the correction operators satisfy A~^MTj = Tj^i, where 
r_i := . Thus we have A'^MTj = r^-i . 

(iv) From Definition \3.W we get 

f,(F, G) G UniXi;^'^ , Y^-J'^ : 2a < j} 
and thus the correction operators 

f,, r, : L2'9'''+1(1]) Cor'^'^(f]) 
are degenerated (and clearly continuous). 
Proof From the arguments above and the continuity of the projections from Lemma [33] 

CUF,G) + i-iur\Fr,G,) 

3-1 3 1 

- Y,i-^^y '^o C^{Fd, Gr) - $^(- io;)^' Co C^{fd, 9r) 

j=0 j=0 
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3-l-N 



3=0 

3-N-2a 



a<s-N/2,m 



3-N-2cr 



a<s-N/2,m 



may be estimated by c|a;|''|| (F, G) ||j^2,5,9+i|.^^ in the L^''''^+-^(f2b)-norm uniformly in to and 

(F, G) . We note / = (-, 0, a, m) G J^'° , if and only if J = (-, 0, a, m) e ar^'° . if 
and only if a < s — N/2 and m = 1, . . . . By Lemma 13.101 and Definition 13.41 we have 
Tj{Fd, Gr) = G) . Rearranging the latter two terms we obtain 

j-i 

C^iF, G) + {-iuj)-\Fr, G,) - E(- i^)' -^0 C^{Fd, a) 

j=0 



J-N J~N 

- (- i a;)^-^ ( E (- i (F, G) + E (- i ^)^r, {F, G)) 

j=l j=0 

= 0{\uj\')\\iF,G),^. 



L2,9.g+i(nb) 



■ 2,9,9 + 1 



which completes the proof. 



□ 



3.3 Third step 



Now we approach estimates in weighted norms. For this we compare our solutions with 
the solutions of the homogeneous whole space case. Let us denote := C^j in the special 
case = and A = Id . is well defined on L^'t"^^ for all C+ \ {0} by [SI Theorem 

> 2 

3.5] since there are no eigensolutions in this case. We obtain 

Lemma 3.15 Let J G N and s > J — 1/2 as well as t < min{s, — J — 1 . Then for 
j = 0, . . . , J — 1 there exist bounded linear operators 



G 5(L2'5'''+\L,'''^'^+') 
and a constant c > , such that 



G S(L2''?-1''?+2^ L?''''''+') 



j-i 



L^{F,G) -Y,i-^^y {'^AF,G) + {-iur'^,{dw F,TotG)) 

j=0 



■ 2,9,9+1 



< c\u\ 



\{F,G)L 2,9,9+1 + ^ II (div F, rot G) \ 



- 2,9-1,9+2 
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holds uniformly with respect to u E C+ \ {0} and (F, G) G x R^^^ . The assertion 
holds also true for J = and s,—t> 1/2 , t < s — {N + l)/2 . 

Proof Using the fundamental solution for the scalar Helmholtz equation in 

^u;,uix) = ip:^^u{\x\) with ip^^i,(t) = CNu;''t'''Hl{ujt) , 

where the constant only depends on the dimension N and Hl{z) denotes Hankel's first 
function of index v := {N — 2)/2, see [2H section 5], we may represent {E, H) := L^^^F, G) 
by [211 Theorem 5.1], i.e. 

Ej = G^ rot + i-ico)F^ ^^^^ - (- i a;)-Miv F ^ div , (3.44) 

Hj = F^ div <!>i^^ + {-ico)G^ <l>i^, - (- i rot G ^ rot , (3.45) 

if E = Ej dx^ and H = Hj dx"' as well as ^ := $^ dx^ . Here * is the convolution in 
for forms, which simply is the sum of the scalar convolutions of their Euclidean com- 
ponents. Utilizing Taylor's expansion theorem we get constants Cj, G C and functions 
remj, femj , such that for t G M+ and w G C+ the expansions 

J-2 

^^A^) = t'-^ J2 ^J-^^^)' + remj(u;t)ti-^+-^a;-^-i 
^'^,At) = t'-''J2^',{u:ty + T^j{oot)t' 

j=0 



hold. The remainder functions remj(2) and remj(z) are uniformly bounded with respect 
to z G C+ and the bounds only depend on and J . Inserting these Taylor representations 
into (^M>, (13:^51) we obtain 



j-i 



{E, H) = 2^(- i w)^' ($j (F, G) + (- i u;)-^^j (div F, rot G)) 

j=o (3.46) 

+ W^(Rem<^,j(F,G) + -Ret^^,j(div F, rot G)) 

UJ 

where $j and resp. Rem^ j and Rem^ j are convolution operators with integral kernels 
of shape bj{x, y) \x — y\^~^^~'^ for j = 0, . . . , J — 1 resp. bue^x, y, ijj)\x — . The ker- 

nel parts bj{x, y) are uniformly bounded with respect to x, y G and independent of u . 
Moreover, the kernel parts 6Rem(a^, 1/, ^) are uniformly bounded with respect to x, ?/ G 
and UJ G C+ . Thus it remains to show that the kernels |x — y\-'^^~^ , j = 0, . . . , J gen- 
erate bounded linear operators from to Lj . All kernels belong to Lj^^ and grow with 
J if |x — > 1 . Therefore we only have to discuss the worst kernel |x — . The 

assertion follows now by [TTl Lemma 1] and [IHl Lemma 13] as well as some case studies. 
For a more detailed proof we refer to [23t Sektionen 5.1-5.3]. □ 
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According to [371 Theorem 4] there exist continuous projections 



reg • -^s 



(F,G')h^(FR,G'D) 
iF,G)^{Fs,Gs) 



such that each (F, G) G L^''^''^^^ may be uniquely decomposed as 

(F, G) = (Fr, Gd) + (Fd, Gr) + (Fs, Gs) 

Corollary 3.16 Lei J G N and s > J - 1/2 as well as t < min{s, N/2 - 1} - J - 1 . 

Then 

J-1 

||L^(F, G) - i ^y-^jl^D + Fs, Gr + Gs) + (- i a;)-^(FR, Gd) 

i=o 

J-1 

- 5^(-iu;)^'*,+i(divFs,rotGs)||L2,.„+i = 0{\u\')\\{F,G)y,,,,^, 
i=-i 

/io/ds uniformly with respect to u E C_|_\{0} and (F, G) G L^''^''^^-'^ , ifu ranges in a bounded 
set. The estimate remains valid even for J = and s,—t>l/2,t<s — {N + l)/2 . 

Proof We easily see L^(Fr, Gd) = -(- ia;)-i(FR, Gd) • (Compare to ([330]).) Moreover, 
Lemma IB . 1 51 may be applied to (Fq, Gr) and we get 



J-1 

|i^.(FD,GR)-5^(-ic^)^$,(FD,GR)||L2.,,.+i =0(|c^|-')||(F,G)||,2,^^^^^ 



j=0 



Furthermore, Lemma [3.151 may also be applied to (Fg, Gg) but with J + 1 instead of J as 
well as s := s + 1 and t := t . We achieve 



J J 1 

|L,(Fs,Gs) -^(-ia;)^$,(Fs,Gs) - (- ia;)%,+i(div Fg, rot G 

j=o j=-i 



< c|w|'^+^(||(Fs,Gs) 11,2,9,9+1 + 7^ II (divFs, rot Gs)L 2,9-1.9+2) 

\ s s / 

< c|u;|"^||(Fs,Gs)||j-)9^j^9+i 

Now the Lj''^''^^^-norm of the term (— ia;)"'$j(Fs, Gg) may be swallowed by the right hand 
side, which itself can be further estimated by 0(|a;|"^) || (F, G) ||^2,9,9+i since are finite 

o 

dimensional subspaces of C°°'^ for all q and s . Putting all together yields the desired 
assertion. □ 



We are able to formulate the main result of this section: 
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Theorem 3.17 Let 3 e N and s G (J + l/2,oo)\I as wellast < min{s, A^/2-l}-J-l . 
Then the asymptotic 

3-1 

II C^{F, G) + (- i coy'UiF, G) - i uy Co C' nreg(F, G) 

j=0 

3-N 

-i-iuf-' (- i G) y.....^^^ = 0{\u\') II {F, G) ||,.„„,.(^^ 

i=o 

/io/(is uniformly with respect to {F, G) G Ll''^''^^^{Q) and u G C+^i \ {0} . This asymptotic 
holds for 3 = as well, if we replace the assumptions on the weight t by t < —1/2 and 
t<s-{N+l)/2. 

Proof Let us define operators %j via 

x_i := -n 

Xj:=CoC^U,,^ , j = 0,...,N-2 

Xj:=CoaU,,^ + rj_N+i , J = N -1,...,3 -1 

and for J < J — 1 

J 

Clj:=C^-Y,{-iujy%, . (3.47) 

Then we have to show uniformly with respect to u and (F, G) 

\^^,3-i{F^G)\^2,q,^+i^^-^ = 0{\u\-')\\{F,G)\\^2,g,g+i^^^ 

From now on all estimates are to be understood uniformly with respect to u and {F, G) . 
We want to combine the asymptotics in local norms proved in the second step with the 
whole space asymptotics in weighted norms from the latter corollary. Since we have by 
Theorem 13.131 for every bounded sub domain Q]^ of Q 

II >C^,j-i(^>G')||L2,9,,+i{nb) = ^(l^l"')ll(^''^)|lL?-9-«+i{n) ' (3-48) 
we get immediately 

and it remains to estimate H?? -C^^j-il-^, G) ||j^2, 7,9+1 . 

To do so let u G C+,i \ {0} and {F,G) eLl'i'i+\Q) . According to Theorem 3.2 
(iv)] (compare with Lemma 1X51 and fl3.43p ) we decompose 



=:n(F,G) =:fl,eg(F,G) 



--: tlc{F,G) 
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with continuous projections, where CPj G C°°''^ and {b,b) G LinB"? x LinB"?"*"^ as well as 
By Lemma 13.101 we have 

+ IV'jI < c||(i^,G)||L2,,,,+i(^) 

The trick is to apply this decomposition using another cut-off function fj , which satisfies 
supp Vf] C Zr3^r4 , whereas supp Vt] C ^ri,r2 • More precisely we set 

fj:=f}or , f]{t) := rjil + - — 

and note C = C^^f, in this case. Since 

£^An(F,G) = -{-\uj)-^ti{F,G) 

it suffices to discuss r/£^(F, G) with (F, G) := (n^eg + nc)(^, G) . 

T]Cuj{F,G) G R^ i X 0^"*^^! satisfies the radiation condition and solves 

< 2 < 2 

{M + iu)vC^{F,G) = {M + iuA)v C^iF,G) = {f,g) (3.49) 

with {f,g) := [t] + GM,r] ^uj){F,G) G L^'^'''+^ . (Without further comments here and 
in the following we often identify forms with their extensions by zero to .) Thus 
rjCi^^FjG) = Li^{f,g) or in another notation 

r,C^ = L^ir]^d+GM,r,C^) (3.50) 

holds even on the whole space L^'^''^"^^(r2) . By Corollary 13.161 there exist bounded linear 
operators . . . , mapping to , which satisfy 

\\Lc,j-iif, 9)11^2,1,1+1 = 0{\uj\-')\\{f,g)\\^2,g,,+i , (3.51) 

where 

j-i 

:= - ^ (- i ooYE, . (3.52) 
Moreover, 11 (/,5')|L 2,9,9+1 can be further estimated by 



||(/,^)||l2...9+i < c(||(i^,G)||L2,9,9+i(^) + ||CA/,r?>C^(^,G)||L2,9,9+i(3uppV,,)) 

Using [2H Lemma 5.2 (iv)] we can estimate 

II '^'^nreg(i^,G) 11^^2,9,9+1 (supp Vtj) - ^11 ^reg (i^, G) 1^2,9,9+1 (j^) < c|| (F, G) ||^2,9,9+i 
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Looking at some term of Ilc{F, G) we see 

CM,,C^iCPlCP]+') = CM,,/:.(divrot77P/,rotdivr/P]+i) 

because 

£^(rot div fjPf, div rot fjPj'^^) = — (rot div fjPf, div rot ^Pf^) G L'^'V^^ 

ioj < 2 

and thus Cm,?? Ci^{Tot div fjPj, div rot fjP]~^^) = since supp Vrj fl supp fj = % . With some 
5 G {1/2, N/2) we have (div rot r^P/, rot div t^PJ"^^) G Reg|'°(fi) and therefore we may 
utihze Lemma 5.2 (iv)] once more to estimate 

||CM,,/:.(CP/,CPr^)||^,,,„,,(^^pp^^) < c||(divrot77P/,rotdivr/Pf^)||^.,,„,,(^^ < c . 
Hence we obtain 

||CA/,^£a;nc(P,G')||L2.,.,+i(3uppV^) < c||(P,G')||L2.,.,+i(f^) 

Putting all together yields 

||(/,^)||l2.,„+i <c||(p,g)||l2„„+1(^) 

and after inserting in fl3.5ip 

||-^W,J-l(/; S') ||l2,,,9 + 1 = 0(|U;|'^) II (P, (7)11^^2,9.9 + 1^^^ 

Now using fl53^ and (Km . (1530]) we obtain 

j-i 

V C^{F, G) = L^,j_i(/, (?) + ^ (- i (r/ + Cm,, C^){F, G) . 
Collecting terms and utilizing (13.471) gives 

j-i 

r] C^{F, G) + (- i uj)-'ll{F, G) - 5^ (- i ooYE^vitlre, + tlc){F, G) 

i=-i 

j-i J-i-i 

-Yl 5^ (-ic^)'+'S,G^f,,3Cfc(flrcg + nc)(i^,G) (3.53) 

j=-i k=-i 

3 1 

= L^,j.,{f,g)+Y,i-^^y^^CM,,Clj_,_^iF,G) . 
i=-i 

Moreover, the continuity of the operators from L^ to as well as Theorem 13.131 yield 

••JC / r II ^ „ll rOC 



|2jGa/,^>C^,j_i_j(P,G) 11^2,9.9+1 < c|| >C^,j-i-j(^,G)||L2_,^^+i^^^pp^^^ 



<c|a;|-^-^' II (P,G) 11.2.9,9+1, 
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Therefore the right hand side of fl3.53p behaves in the Lj'''''''*'^-norm hke 



0(|u;|-^)||(F,G)||,.„.,+i, 



and thus so does the left hand side. By (I3.48p 

|h>Cjj-l(^>G')||L2,9,9+i(nb) = ^(l^l"')l|(^'<^)|lL2>«-''+i(n) 

holds also for every bounded domain fib C . Applying Lemma 13.31 we find that the 
left hand side of fl3.53p equals rj C^ j_^{F,G) and this yields finally 

II ^7 -^^.J-l (-^' G*) II ^2,9,9 + 1 = Odwl"^) ||(F, G')||^2,9,, + l(^j , 

which completes our proof. □ 



3.4 Fourth step 

We are ready to face the proof of the Main Theorem. This last step may be done by an 
abstract argument similar to |^ Lemma 12]. Thus our aim is to identify two Banach 
spaces X and Y , such that all operators involved in our asymptotic belong to B{X, Y) , 
which denotes the space of all bounded linear operators from X to Y . Good candidates 
are 

X = L2'^'5+i(fi) , Y = L^t'^'^+^n) 

as well as 

B{X,Y) = 5,,, := i?(L2'«'^+i(fi),L,2''''''+^(fi)) 

for some s > t . 

By Theorem 13 . 1 71 and fl3.47p the ingredients of our asymptotic are the linear operators 
and %j , j = —1, . . . , J — 1 , i.e. the operators 

A , n , and , j = 0, . . . , J 

as well as the correction operators 

r, , j = 0,...,J-Ar . 

Moreover, the correction operators Tj map to Cor'''-'(fi) and their coefficients are given 
by the scalar products 

and the numbers ■^1^7 ™- ; Ci,i^- • (^^^ definitions and remarks around Theorem 13.51 
and Theorem 13.131 ) 
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Let us assume u to be small enough and still for the moment the perturbation A to 
be compactly supported. Then clearly A G B^.t for all s > t. By Lemma [3.81 

n G i?(L^«+i(r]),oR?(l]) X oBr\^)) C Bs,t , ^3 

for all weights s G (1 — N/2, oo) \ I and t < s , t < N/2 , since the natural embedding 
Regf-\n) C Regf{n) is continuous. By ^ Theorem 3.5] (see also [Ml Corollary 3.9]) 
for s,-t > 1/2 

£^ G fi(L2'^'^+l(^]), R?(^]) X D^^(^])) c 5,,^ . (3.55) 

By [2S1 Theorem 5.10] 

G i?(Regri(n),Regf (3.56) 

and therefore 

n,eg G (3.57) 
for s G (j - oo) \ I and t < s - j , t < - j . By Lemma ES] 

Ki,Ki^eL',''"^^\n) (3.58) 

for t < —k — a — N/2 and thus 

Cor'?'^(fi) = Lin{A-ii?+;^ , A-iiJ+„^ : k + 2a < j} C L?'^'^+^(fi) (3.59) 

for all t < —j — N/2 . Moreover, s^'^^'^''^^ , s^j^~'^''~^^ and s^'^ , s^'^ are continuous linear 
functionals on L^'''''^"'"^(f2) for s G (j + 1 + A^/2, oo) \ I since again by Lemma [2l6l 

for < 2a < A; < j . This yields for s G ( j + 1 + A^/2, oo) \ I and t < -j - N/2 

r, G 5(L2''2''2+i(r]),cor'^'^(r])) c . (3.60) 

Now we weaken our assumptions on the perturbations A , such that they do not have 
to be compactly supported anymore. Thus let us assume A to be r-C^-admissible. By 
Lemma 5.2] P , the generalized point spectrum of M , does not accumulate at zero for 
T > {N + l)/2 , i.e. is well defined for small u . Furthermore, the following assertions 
still hold true: 

flXMjl for r > , r > s + 1 - A^/2 and r > -s - 1 
(13351) for r > 1 

fl336D for r > , r > s - A^/2 and r > j - s - 1 
(13371) if (13341) and (13361) 
([S3HD for r > A; + a and r > A^/2 - 1 
(1^391) for r > j and r > A^/2 - 1 
(13301) for r > J + 1 and r > N/2 - 1 
Collecting the values for s, t and r we obtain 
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Lemma 3.18 Let 3 E Nq and s > max{l/2, J + 1 — N/2} with s ^ I as well as 
t < min{-l/2, N/2 - 3} , t < s - 3 . Moreover, let 

T > max {{N+l)/2,s + l-N/2} 

Then for j = 0, . . . , J — 1 and i = 0, . . . , 3 — N 

and thus also for j = —1, . . . , J — 1 

Now we approximate A by compactly supported perturbations. For this purpose we 
define the cut-off functions := (1 — r]){r/n) , n G N and 

An:=ld+ipnA 

(We note fn\u„ = 1 '^"Ia2„ = •) Then A^ converges to A for n — )■ oo pointwise a.e. 
and also in the operator norm of Bt^t for alH G M since r > . Moreover, ii t > s — t this 
convergence also holds true in Bt ^ . 

From now on all operators, forms and numbers carrying an index n correspond to the 
truncated transformation A„ . 

By a short calculation and a regularity result, e.g. [23, KoroUar 3.8 (ii)], we obtain 

Lemma 3.19 Let r > . For all s eM. and r2 < n E N 

Kin) n e-'DUn) c if (fi) n e-'Di{n) , 

hold with continuous embeddings, whose norms do not depend on n . 

Let s, t and r satisfy the assumptions of Lemma 13.181 and t > s — t . Applying the 
latter lemma our static operators ^ DJlafl_i and Wla^l_i from [251 Theorem 4.6] are 
well defined on their common domain of definition D{^M.a:xl_i) . A long but straight 
forward computation shows that Tla^l_i converges to ^ Tla^l_^ in the operator norm of 
B{D{,Max'l_^),W1{n)) . Therefore also the inverse operators converge in the operator 
norm and clearly the same holds true for ^ QJlajrfl} and DJla^lt^ ■ 

Since Cq consists of the inverses of ^ 9Jtaj:f_i and ^ VJla'^ltl also „ Cq converges to Cq 
in the operator norm. Thus „ C converges to £ in the operator norm and the same holds 
true for their powers. By Lemma [23] and Lemma I^TBl „ -E^ni resp. nHt,m converge to -E^;^ 
resp. Hp^ in the corresponding h^''^''^^^ {Vt) . Looking at the representations in Lemma 1?^ 
the coefficients and nC^'"' of nE'^'m ^"^^ nHt,m converge to and C''''^' in C . Hence 
also the correction operators ^Fj converge to Tj in the operator norm. Furthermore, 
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it follows that the projections n„ and Ilreg,™ converge to 11 and Ilreg in the respective 
operator norms. 

It remains to discuss the time-harmonic solution operator. For u small enough and 

2 

{E, H) := CUF, G) , {En, Hn) := n C^{F, G) G R^^_ , (^]) x Df_\ {Q) 

^2 ^2 

Consequently the difference form {e,h) := {E,H) — {En,Hn) satisfies the radiation con- 
dition and solves 

{M + iuA){e,h) = iu{An-A){En,Hn) 
For r > 1 we have (A„ - A)(^„, Hn) G L'^'Y^\Q) and thus 

> 2 

{e,h) = iuC^{An-A){En,Hn) 

i.e. 

(interchanging A and A„ yields £a;(A„ — A) n = n £w(An — A) C^) ■) Since A„ — A in 
Bt^s we obtain n/^u,^ C,^ in . 

Summing up and using Theorem 13.171 we finally achieve 

Lemma 3.20 Lei J G N and s G (J + l/2,oo)\I as well as t < min{-l/2, J-2} . 

Moreover, let 

r >max{(A^ + l)/2,s-t} 
Then for uj G C+,i \ {0} and j = —1, . . . , J — 1 



,„ ^ L-u, in Bs,t , A„ )■ A m Bt 

ri^j y in Bg t 



as well as for all n 
and 



^ui — n ^ui — C-LoiAn — A) n^^u 



\\nCl,^,\W, = 0{\uj\') . 

Now we have to modify the result ^6] Lemma 12] slightly. 

Lemma 3.21 Let JGNo,w>0,a;G C+^i\{0} and X, Y be Banach spaces. Moreover, 
let , L^^f' andJCj , ICj^^ forj = — 1, . . . , J — 1 resp. A/'*-"-' forn G N be families of bounded 
linear operators from X to Y resp. Y to X . Furthermore, let 

A/'(") ^ , ICf ^)Cj , J = -1, . . . , J - 1 
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with convergence in the respective operator norms and 

- £(7) = a;£^Ar(")£W (3.61) 

as well as for all n 

j=-i 

as — )■ with respect to the operator norm in B{X, Y) . Then also 

j-i 

holds as — > with respect to the operator norm in B{X, Y) . 

Proof The proof is quite similar to the one of jlQ Lemma 12] and hence may be omitted 
here. We just note that in the Maxwell case it is indispensable that f l3.6ip contains a 
term uAf^""^ contrary to just J\f^^^ in the case of the Helmholtz equation or the equations 
of linear elasticity. □ 

We are ready for the 

Proof of the Main Theorem If we set X := Ll'i^i+\n) and Y := 1^''^''^+^^) , then a 
combination of Lemma I3.2UI and Lemma 13.211 yields our desired asymptotic 

II ^^,j-iIIb., = 0(1^1^) , 

which proves the main theorem for J > 1 . If J = we have by Lemma 13.81 and (13.40p 



Hence [211 Lemma 5.2 (iv)] yields the stated assertion. 



To prove the first remark we compute M , = — iujA for < j < J — 1 and 



M = MC^ = MC^ n^cg = n^eg -lukc^ n^eg 

Moreover, we set s := s , t := t or t := t + 1 . Then for J > 2 we may utilize the main 
theorem with J — 1 , s , t and for J G {0, 1} once more Lemma 5.2 (iv)], which com- 
pletes the proof of Remark A. □ 

Using the Main Theorem as well as Definitions 13.41 and 13.121 and the corresponding 
remarks we note two final observations concerning the correction operators. 

Remark 3.22 Let J G No and s,t,T be as in the Main Theorem. Moreover, let {F,G) 
be an element ofRegf^{il) . 
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(i) For 3 < N we have the noncorrected asymptotic 



J-1 



j=0 



■ 2,(j,ij+l 



(SI) 



■ 2,<7,<J+1 



. (3.62) 



(ii) For J > + 1 we know by Theorem \2.3\ and Lemma \2.15\ that the noncorrected 
asymptotic fl3.62p holds true for {F,G) G Reg^''^(n), i.e. for {F,G) perpendicular 
(zn L2'9'9+i(fi)) to all special growing forms A-^E+'^, A-^H+;^ e L!:f'^+^(fi) with 
1 < k < 3 . Albeit this condition is sufficient for fl3.62p to hold it is not sharp. 
Of course, the noncorrected asymptotic (13.621) holds true, if and only if we have 
Tj{F, G) = Tj_i{F, G) = for all j = 1, . . . , J— , i.e. {F, G) must be perpendicular 
only to all A'^E+i^, A'^H+y^ e L!:^'''+^(fi) with l<k<3-N . 

Remark 3.23 Let J G No and s, t, r be as in the Main Theorem as well as {F, G) be an 
element o/ L2'<?''?+i(r]) . 

(i) For 3 < N — 1 we have the noncorrected asymptotic 



J-1 



100 



in-^(-ia;)^£o£^n,eg)(F,G) 

j=0 

0{\u\')\\{F,G)\\^. 



■ 2,5,9+1 



(Q) 



(3.63) 



■ 2,q,9 + l 



(ii) For 3 > N the noncorrected asymptotic (13.631) holds true, if and only if we have 
^j{F, G) = for all j = 0, . . . , 3 — N , i.e. if and only if {F, G) is perpendicular to 
all A-^Ep^, ^~^Hp^ e L!:^'^+^(n) with 0<k<3-N . 
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